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1. INTRODUCTION

Variation norms estimate the fluctuations of a given sequence of op-
erators. In the ergodic theory context they were introduced by Bour-
gain [4] for L%, and extended to L?, 1 < p < oo, by Jones, Kaufman,
Rosenblatt and Wierdl in “Oscillations in ergodic theory” [10], where
fluctuations of ergodic averages and differentiation operators were stud-
ied.

In this paper we study the variation norms for operators given by the
convolution powers of probability measures on locally compact Abelian
groups.

The variation norms are related to the square functions as in Little-
wood—Paley theory, but give stronger results. Square functions for the
convolution operators were studied by Jones, Ostrovskii and Rosenblatt
in “Square functions in ergodic theory” [9].

To handle the variation inequalities for convolution powers operators
we will also use some of the techniques we developed in the paper “Os-
cillation and variation for the Hilbert transform” by Campbell, Jones,
Reinhold and Wierdl in [7]. However, the main technique is the asso-
ciation of the convolution powers with a reverse martingale in a larger
space.

The paper is structured as follows. Section 2 states the basic defi-
nitions. Section 3 studies the case of symmetric measures. Here, the
results are obtained by viewing the operators as a reverse martingale
in a much larger space. Through this representation, we can obtain
more complete results than for the general case.

Sections 4 studies the general case of convolution measures on locally
compact Abelian groups. The main result is obtained by comparing
the given measure to its symmetrized version and by developing a tool
handle the short step variations. Section 5 extends the result for the
short step variation of Section 4 to the continuous parameter case, and
gives applications to well known continuous parameter kernels.

The results obtained in Section 4 can also be extended to measures
on o—compact metric groups via direct integral decomposition of the
group representation. This result will be presented in a subsequent

paper.

2. OSCILLATION AND VARIATION NORMS

Definitions 2.1. Given an increasing sequence of positive integers
{nr}32,, define the oscillation norm of a sequence of numbers {z,}>,
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1/s
el = (0, max o= ) "

Remark 2.2. We will be interested in the case s = 2. If s < 2 the
operators associated with this norm are often not well behaved (see
[1]), and for s > 2 we have ||z,|os) < ||Zn]lo(z), so understanding
s = 2 is usually the general case. Operators based on these norms were
studied by Gaposhkin, who showed that if A, f(z) = %Z;:é T f, for
T a normal contraction, then with n, = 2%, A= fllo)llz < ¢l fl|2-
With this result, to prove a.e. convergence, it is sufficient to prove a.e.
convergence along only the sequence {A,, }.

A second very useful norm on a sequence of numbers is the variation
norm, denoted by || - ||u(g)-

Definitions 2.3. Given a set of real numbers {z,},c7, where [ is a
countable index set, define its variation ¢ norm by:

= 1/e
alluey = sup (D 2n) = wnienl?)
n(7) j=1

where the supremum is taken over all possible sequences n(1) < n(2) <
-+, and each n(y) € I.

Often we will take I = Z*, but sometimes we will be interested in
other countable sets. Unless otherwise noted, we will assume I = Z*.
When it is important to specify the index set, we will write |z, :
n € I,,. In particular, we will write ||z, : ny < n < ngqly, for
I={n:ny <n<ngq}.

This norm has been used in martingale theory, and more recently
in ergodic theory by Bourgain in [4]; and Jones, Kaufman, Rosenblatt
and Wierdl in [10].

We can also define the continuous version of the v(p) norm as follows:

Definitions 2.4. Given a continuously indexed system, {x;};cg, de-
fine its variation p norm by:

el =

! 1/e
Sup{<2|$tj_xtj_l|g) ‘ J=1,2,...; to<t; <ty < - gtj}‘
i=1

The continuous version of the o(o) norm is defined in the analogous
way.
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Proposition 2.5 (Properties of the v(p)-norms).

1. For each p, 1 < o < 00, ||.||lu(e) is a semi-norm.
2. If{z,} is a sequence such that x,, =0 for each k, then

1/e
Hxnl‘v(g) < 2<Ek Hll’}n tnp S n < nk+1|‘§(9)> )

1/e
3. el < 2( 3, l2al?)

We refer the reader to [10] for a proof of these properties, as well
as some discussion of the applications of the variation and oscillation
norms to ergodic theory.

Although neither ||.|[,(,) and ||.||,(,) are true norms, by abuse of nota-
tion we will continue to refer to them as norms throughout the paper.

Definitions 2.6. Let {z,} denote a sequence of real numbers. We

define
N(xp, A) = sup{ N : there exists s; < 1 < 83 <ty -+ < sy <ty
such that |z, — x5 | > Afore=1,2..., N}

The operator N(z,,A) gives the number of times the sequence {z,}
changes by a distance A. It is related to the number of upcrossings
of the sequence, but can be much larger. For a continuously indexed
system, {x¢}ier, N(x4, A) is defined in the same way.

3. SYMMETRIC MEASURES

We first study the case of symmetric measures. There are three
reasons why we begin with this case. First, the results are easier to
obtain, second, the results we obtain are useful to obtain later results
in the more general case, and third, the results in this case are more
complete.

Square functions, oscillation results and variation results for sym-
metric measures can be studied directly by lifting the operators to a
reverse martingale in a larger space. This technique was used by Kaku-
tani [12], and further developed by Oseledets [15] who studied pointwise
convergence of operators induced by convolution powers of a symmetric
measure. We begin by stating the main proposition, Proposition 3.1,
and some of its applications.

Proposition 3.1. Let {P,} be a sequence of doubly stochastic opera-
tors, that is

1. for 1 < p < oo, we have || Py fllp < || fllp,

2. the adjoint operator Pr is also bounded in L' and L,



f 0 whenever [ >0, and

Then
1. For any p, 1 < p < oo and any o, 2 < p < oo, we have
1PrPy ... PPy PEPY fllug)lly < (o )1l
2. For any p, 1 < p < oo, and any increasing sequence {n;}, we
have |||||PAPs ... Po Py ... Py Pl flloolly < cp)|| fllp, where we use

the sequence {ny} to compute the 0( ) norm.

We will postpone the proof of this proposition until later in the sec-
tion. As a consequence of Proposition 3.1 we can state several results.
First, we need the following definition.

Definitions 3.2. (See Stein [21]) Let (X, X, m) denote a positive mea-
sure space. Let {T"}o<i<co denote a family of operators, each T* map-
ping functions on X to functions on X. Assume:

e The operators T satisfy the semigroup axioms T'7T* = T"**, and
T° = I, the identity operator;
e The 7" are continuous in the sense that lim,_o 7% f = f in L2.

Further, assume

LT fllp < IISflp for 1 < p < oo,

2. Each T" is a self-adjoint operator on L?(X).
3. Each T'f > 0if f > 0.

4. For each ¢, T*(1) = 1.

Then {T"}o<i<oo is called a symmetric diffusion semigroup.
We can now state the following theorem.

Theorem 3.3. Lel T denote a symmelric diffusion semigroup. Then

1. For any p, 1 < p < oo and any o, 2 < p < oo, we have

T flloo N> < eles PNl

2. For any p, 1 < p < oo, and any increasing sequence {n}, we

have |[[|T*fllo@)ll> < e(P)I[ /15

Proof. We want to apply Proposition 3.1. First fix L and let P = T,
Clearly, P, = P satisfies the hypothesis of Proposition 3.1. Since P* =
P, applying the Proposition 3.1, we get ||||[P*" f|luo)lly < c(o,p)| f]l»-

Hence [[||T% fllu(o)ll» < e(o, )| fllp- et Dp = {F : n > 0}. We have

su Tt T+ >
H(tl%g ZI f—Tf|e
1; EDL -

< c(o, P fll»-
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Taking the limit as L. — oo, by the monotone convergence theorem, we
get

(s DT“f T““fl) < (0, )l

t1<t2<...
t;eD -

where D is the set of positive dyadic rationals. Now the continuity of
the semi-group implies the first conclusion of the Theorem. The o(2)
norm is handled in the same way. O

Corollary 3.4. Let P(z) = L 2+t2 denote the Poisson kernel on R,
or more generally, let P, denote the Poisson kernel on R?.

1. Forl <p< oo and 2 < p < oo we have
IPef ooy lp < eCo: ) Slp-

2. For any increasing sequence {ni}, and 1 < p < oo, we have

HIE: o2 ll> < eIl

Proof. This follows from Theorem 3.3. We just need to check that P
satisfies the hypothesis, which is an easy exercise. [

Corollary 3.5. Let Qi(z) =
nel on R.

denote the Conjugate Poisson ker-

T L‘2 +t2

1. For1 <p<oo and 2 < p < oo we have

@ lloolls < <o, P Fl-

2. For any increasing sequence {n}, and 1 < p < oo, we have

Q:llo@llr < (@) f5-

Proof. Let f € LP, and let Hf denote its Hilbert transform. Then
Hf € L? and Q. * f(z) = P. * Hf(x). The result then follows from
Corollary 3.4. O

Remark 3.6. Using a different technique, we can also show that the
variation and oscillation norms for the Poisson Kernel satisfies a weak
type (1,1) inequality as well. This result can be found in [7].

Let G denote a locally compact Abelian group, and I' its dual group.
Let (X, #,m) be a probability space, {1}, }{,ec} an action of G by invert-
ible measure preserving transformations on (X, ;3, m). Given a proba-
bility measure p on G, we define pf(z) = [, f(Ty—1x)dp(g), and for

n>1,p"f(z) = (”lf)( )-



7

Definitions 3.7. We say that a measure p is strictly aperiodic if its
support is not contained in a proper left coset of G.

For Abelian groups, we have that u is a strictly aperiodic probability
measure if and only if |a(y)| < 1 for all ¥ € ', v # 0. See Rosenblatt
[17] and Glasner [8]. For discrete Abelian groups there is a stronger
characterization.

Theorem 3.8. Let G be a discrete Abelian group and let p be a strictly
apertodic probability measure on G. Then

11— ji(y)]?
I(p)= sup ——=
() verv{oy I — [fi(7)[?

1s bounded.

This result was proved in Jones, Ostrovskii and Rosenblatt [9] for
probability measures on Z, but their proof extends to discrete Abelian
groups. This result can be extended to other cases as well provided ex-
tra conditions on p. However it may fail in general. Thus the finiteness
of I(x) is not always equivalent to the measure being strictly aperiodic.

Lemma 3.9. Let u be a strictly aperiodic measure on G satisfying
I(p) < oo. Then

(st =) ™, < st

This lemma was proved in Jones, Ostrovskii and Rosenblatt [9] for
GG = Z. The proof given there just involves spectral properties of
the measure p, and consequently also applies to any locally compact
Abelian group.

Theorem 3.10. Let p be a strictly aperiodic symmetric measure on G
such that 1(p) < oo.

1. For any 2 < p < oo we have ||||p" fluo)llz < C|| f|l2-
2. For any increasing sequence {ny} we have |||1" f|lo2)l|2 < C f||2-
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Proof. With the above lemma, we can easily complete the proof of part

1. Let B,f = p"f if nis even and B, = p"*! f if n is odd. Then

> 1/s
<2( S = Baflon=2k— 1,265 ) + 167 Flluy
k=1

© 1/2
< 2<Z|u2’“f—u2’“‘1f|2) + 112 fllugs)-
k=1

Now, part 1 of Theorem 3.10 follows by applying Lemma 3.9 to the
first term, and then taking P, = p, and applying Proposition 3.1 to
the second term.

We now want to prove part 2 of Theorem 3.10.

Given a sequence {ny} of positive number, consider the sequences

np if k& is even, np if k£ 1s odd,
er = e and o = o .
ng+1 il k is odd niy +1 1if kis even

Then, for any sequence of numbers {z,}, we have

max |z, — z,,|* < max |2n — 2, |2
nEp<n<ng4q ex<n<egyq,m €VEIN
+ max [Ty — @, |

0 <nLOop 41,7 odd

< c( max |z, — 2o, |
ex<n<egy1,m EVEN

max |zn — 2, |2
0 <n<L0op 41,7 odd

+ [, = Taal?).

_|_

Thus, by Proposition 3.1, taking P, = p, and applying Lemma 3.9,
we have

e Ao 1z < e (I Ao llz + 1 (el
IO e = i )7 )
k=1

< ClIfII2-
0

Remark 3.11. If we could prove an L? version of Lemma 3.9, then we
would be able to prove an L? version (1 < p < oo) of Theorem 3.10.
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Such a result is probably true, but we have not yet been able to prove
it. The case p = 1, that is, showing that |[p" f||.,) is a weak type
(1,1) operator is of considerable interest, but it would require different
techniques, since the weak type (1,1) analog of Proposition 3.1 is not
true. To see this, note that if | Q" f|[,(s) were weak type (1,1), then we
would have convergence for Q*" f for all f € L'(X), and Ornstein, [14],
has shown this is false. Hence, special properties of p”, beyond those
in the hypothesis of Proposition 3.1 would have to be used. In a large
class of cases, in particular, if p is a probability measure on Z, with
mean zero and finite second moment [2], it known that p" f converges
for all f € L'(X), so it is possible that the variation operators is weak
(1,1) for such p.

We now state the main tool that is used in the proof of Proposition
3.1. As mentioned before, the idea for powers of one operator goes
back to Kakutani, but here we present a simplified version by Rota
[19]. For powers of one operator see also Stein [21]. Using this result
and a subsequent lemma, we can then prove Proposition 3.1.

Theorem 3.12 (Rota). Let {P,} be a sequence of doubly stochastic
operators in LP(X,F,m) (p > 1), that is

1. P, is an L'-L*> contraction,

2. The adjoinl operator P’ is also defined on L' and L*°,
3. Pf =204 [ >0,

4. P,1=1.

Then there exists a huge probability space (2, 3,v), a collection of sub—
o fields of B, Fny1 C F, C ... C Fo, and another sub—oc field Fo of B
such that

(a) the probability space (X, F, m) and (Q,J’:—o, v) are isomorphic under
the normal projection map © : Q@ — X. Lel © also denote the induced
isomorphism from Lp(ﬂ,]:—o,v) to LP(X,F,m).

(b) If F € Lp(Q,]:—o,v) then

PPy... PP .. PrP:(x(F)) = E(E(F|F,)|F).

The proof of this result can be found in Rota’s paper [19]. The proof
when P, = P and P* = P is also in Stein’s book on Littlewood Paley
Theory [21], where he uses the result to prove a certain g-function is a
bounded operator on L7.

For the remainder of this section, G denotes a locally compact group.
We will use the following notation:

1. If H e LP(Q), E(H) = E(H|F,),  E.(H)= E(H|F,).
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2. Given f € LP(X), F denotes the lifting of f to LP(Q), F = 77'f,
and X, = E,(F). Note that {X,,} is a reverse martingale.

The following version of Minkowski’s inequality for conditional ex-
pectations is easy to verify.

Lemma 3.13. Let (X,F,m) and (Y,F',v) be two o—finite measure
spaces, and consider their product space X XY endowed with the product
o—algebra and the product measure. Let F(x,y) > 0 be an integrable
function on X x Y, and G a sub—o algebra of F'. Then

1.

[ EF@@)ant) = £( [ Flain)

X

‘)

‘)

Proof of Proposition 3.1. We begin with a proof of part 1 of Proposi-
tion 3.1.
We have

([ 1ramgran)™ < B(( [ Fepyan)”

[PiPe . PPy PP fllugs) = 1E(X0) |logs) < B[ Xnllugs))
Hence
[[[PaPy o PPy Py P flogs) ey < X o) 2o

and the lemma follows by Lepingle’s Theorem. (For a proof of Lepin-
gle’s theorem see [13, 16].)
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For the second part of Proposition 3.1, we argue as follows. For

[ e L*(X),

AP PPy PP o |

[e.e]

:/Q max  |B(X)(@) = B(X., ) (@) dz

7 T <n<ng4

o0

g/E( max | X, — X,,,|?)(z) dz
& k

7 T <n<ng41

nk<n<nk+1

2/ _
= Z/ L dax |Xo =X, [Y(2) d
< Z HXTLk+1 o Xnk”%
k=1

<CIFl;=C 113

:/ max | X, — X, |*(z) dz

where we have used the fact that { X, } is a reverse martingale, and the
fact that for martingales, the oscillation norm gives a bounded operator
on all L?. (For a proof of the L? boundedness of the oscillation norm
for martingales, see [10].) O

Before we state our next result on convolution powers, we need to
recall a result from martingale theory. Recall that N(z,,A) is the
number of A-jumps by the sequence z,, as defined earlier.

Theorem 3.14. Let (f,) denote a uniformly integrable martingale se-

quence. Then |[\/N(fn, N|l, < S| fllp for 1 < p < oo.

Proof. The proof follows from a stopping time argument that relates
v/ N(fn, A) to a square function of a new martingale, and then observing
that this new square function has norm bounded by the norm of the
original martingale. See Lemma 6.7 of [10], Theorem 6.8 of [10], and
the related remarks for details. O

We can now state the following theorem.

Theorem 3.15. Lel T denote a symmelric diffusion semigroup. Then
we have the following.
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1. For1l <p<oo, 0>2, and A > 0, we have

(p,_)

/X (N(Tf(2), W) ede < S22 gy

2. For1 <p<oo, p>2 and XA >0, we have

e NI f(@).) > a) < SEL e

3. For A >0, we have [ N(T'f(z), \)dz < 5| f]|3-

Proof. To prove the first part, we just use the observation that

AN(T? f(z), \) e < |7 f(x)|lo(e)» and the result from Theorem 3.3

which says [|||7 f|lvo) |l < e(p, 0)|| fllp- The second part is just a con-

sequence of the first part and an application of Chebyshev’s inequality.
To prove the third part, we need the martingale result. As in the

proof of Theorem 3.3, fix L and let P = T2 Define Q = P?. Let
f € LP. By Rota’s Theorem, Theorem 3.12, we can find a function
F, so that f = 7 F, and a sequence of expectation operators so that
we have Q" f(z) = P> f(z) = E(E(F|F.)|Fo). Let X, = E(F|F,).
Notice that Q" f(x)— Q" f(z)] = |E(Xo— X |Fo)| < E(|Xa—Xo| | Fo).

Hence
N(@Q"f(z),A) = N(E(X,|Fo), A) < E(N(X,, A)|Fo)-

Consequently,
/N Q" f(x), \) da </E(N(Xn,)\)|]-"o)dw
< E(/S)(«/N(Xn,)\))zdw‘]:())

< E(—HFH [Fo)

= <7l

We also have the following theorem.

Theorem 3.16. Let i be a symmelric measure on G satisfying I(p) <
co. Then for A >0, we have [ N(p" f(x), \)dz < 5| f]3-

Proof. First, as in the proof of Theorem 3.15, we see that for A > 0, we
have [ N(u2" f(x), \)dz < 5[l and [ N(u2* f(x), \)dz < 5 /2.
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Now just observe that
N £.30) SN 1,0) + N2 £, )
1
g S (@) — i @)
k

Integrating both sides, and using the above observations, it is enough
to show that [y 5 >, (4" f(z) — p**! f(2)|2dz < S||f|3. This is just
the conclusion of Lemma 3.9, that is, the square function is a bounded
operator on LZ2. O

4. GENERAL MEASURES ON LOCALLY COMPACT ABELIAN GROUPS

The proofs of the main results in this section are based on Propo-
sition 4.1 below, and the results for symmetric measures in Section
3. Proposition 4.1 is a slight generalization to a similar result in the
work of Jones, Kaufman, Rosenblatt and Wierdl [10], which is in turn
a slight generalization of a result by Bourgain in [4].

Given a sequence { K, }°2, of finite measures on (7, we consider the
operators they define on L7(X), 1 < p < o0,

Kof(@) = [ (1)K, (o).

Proposition 4.1. Let ¢ be a non-negative function on I'. If there is a

constant ¢ > 0 such that |K,()\)] < cmin(ne()), m) and |K,()) —

[{’n+1()\)| < £ forall X€T, for all n #2F — 1 for some k, then

H (i I{K f12F" <1 < 2’“}!\3@)%”2 < e|lflls
k=1

We postpone the proof of this proposition until the end of the sec-
tion, and first give some additional theorems, and some applications.
Our first theorem allows us to relate dyadic powers of a quite general
measure to the dyadic powers of an appropriate symmetric measure.
This allows us to use some of the results from Section 3.

Theorem 4.2. Let p be a probability measure on G which satisfies the
Stoltz condition () — 1| < C(1 — |i(7)]), and let v = p * fi, where

filg) = n(—g). Then

| (i s = 1) <l
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Proof. First note that ji(y) = ji(—y) = j(y). Hence |1 — j(v)| =
1= Ayl
Using Fourier transforms we get the estimate

H(ZI/tzkf v fl /Z
/u— |2P%
< [n-ieryee i

2k—1 +1

4/u—n |2ym V2172

1= ()
SC/W|()|W
gc/#@szcwm

where the estimate in the second step is due to the fact that o(t) =

fi(—t) = fi(1). In the 4th step we used |ji(1)] < 1. The last step is due
to the Stoltz condition. O

i (y (NP1 () Py

(PP

i (P () Py

Theorem 4.3. Let i denote a probabilily measure on G which satisfies
the Stoltz condition |i(y) — 1| < C( @(y)]). Then

H (Z |p" fI12F <n < QkHZ(Q))2 ,
k=1

Proof. Our plan is to apply Proposition 4.1 with ¢(y) = |1 — i(y)] and
for 2671 < p < 2%, with K, = p" — 42", We will be done if for these
choices, the necessary estimates hold.

For the following computations, assume 2871 < n < 2%,

First, we have the trivial estimate,

< ClIA1--

~ Aok—1 am—2k—1
[ ()| < 1" ()] 1L =" (y)]
An k—1
<[ =" ()]
n—2F—1-1
< =il DY i ()l
7=0

<n|l - i(y)] =ne(y).
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Before we can make the remaining estimates, we need to establish a
preliminary estimate. Since p satisfies the Stoltz condition, |1— /()| <
C(1 —|p(7)]), we can write

1 o
a1 =5l = i) < e =L,

We now have

~ . Aok—1
| ()] < A" ()| + 22 (7)]
< emB=A] 4 =T 1=i()
C C
< - + -
n|l —j(y)] 2811 — ju(y)]

c <€
[l = ()l ~ nep(y)
For the final estimate, we have
[Kn(7) = K ()] < [1 = ()" ()]
< 1= () e~ 1=

. C
< |1- H(VNW
¢
n

< —.
U

We are now ready for the main result.

Theorem 4.4. Let i denote a probabilily measure on G which satisfies
the Stoltz condition |(t) — 1| < C(1 — |a(1)]).

1. For 2 < s < oo we have the variation inequalily

1 Plio |, < €111l

2. For any increasing sequence {ny}, we have

™ fllall |, < el 1l

2k—1

Proof. We first prove part 1 of the theorem. Write B, f = u
2k=1 < < 2% Then note that

11" Fllosy S N F = Baflloes) + 1Bafllugs)-
For the first term just note that

1 = Buflluey < (D I 120 < n < 2¥,)
k=1

f for
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and by Theorem 4.3 we know this is a bounded operator on L2,
For the second term, letting v = p % fi, with ji(g) = p(—g), we note
that

k
HanHU(S) = HIMQ f”u(s)
k k k
<N f = v fllos) + 1172 fllogs)

< (S o 1) 1
k=1
We have
(; = )

is a bounded operator on L? by Theorem 4.2. We clearly have

k n
1% fllos) < 1127 fllogs)-

Since v is a symmetric measure, we can apply Proposition 3.1, with
P, = v, to obtain the boundedness of this term too.

We now prove part 2 of the theorem.

Let B, f = /ﬂkf if 28 < n < 281 Then

11" fllo2y < W1 Bufllo) + 111" f = Bafllog)-
Now
1" f = Bufllo@)y < 1" f = Buflo)
1/2
<2( Dl f = Bufl2t <n<23))
k
which by Theorem 4.3, is a bounded operator on LZ.
Again letting v = p * i, we have
k
1Bafllogzy < 1™ flloge)
<N Py + (D 10 = v 112)
k

1/2

We have already seen that both of these terms are bounded operators
in L2,

g
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Corollary 4.5. Let pp be as in Theorem 4.4. For each 2 < p < o0 and
each A >0, we have

[ vt st < G210

Proof. Note that as in the proof of Theorem 3.15, we have

AN (" f(2), )Y < 1" f(2) o)
Now just take the L? norm of both sides, and apply Theorem 4.4. [J

Proposition 4.1 and Theorem 4.4 basically utilize Fourier transform
techniques and the Stoltz condition of the measure. Thus, they can be
extended for measures on non—Abelian groups which admit “nice” rep-
resentations. That is, Theorem 4.4 and Corollary 4.5 can be extended
to measures on o—compact metric groups which satisfy a condition
analogous to the Stoltz condition for the Abelian case. This extension
will be discussed in a subsequent paper.

Proof of 4.1. By standard transfer methods (see [6], [18]), it suffices to
show the theorem for functions on ¢?((7), where the action is the group
addition, Tyz = ¢ + z.

Let 5 be a function supported in [3,2] U [-2, —1], with 0 < n <1,
0n'(0)] < €' and such that 372 n(2710]) = 1 for all §. Define K,
by fg’jm()\) = ]g’n(/\)n(ango()\)). Then we have K, = Z;’;_OO K; ..

Using the fact that ||.||,(2) is a semi-norm, we now estimate as follows:

| (S Imast < n < 24120) |
k=1

_ (é H{jio K2 <n <27, ) |

< (g(]iu{fwmk1<n<2k}H 2) ),
<[ & (XMt s <),

< Y (MK <0< 2 )

]——OO
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We will now think of j as fixed, and obtain for each j the estimate

o0 %2 ]
M (K12 <0 < 232 || < c2270 g
k=1

If we can establish this, then we can sum over j, and the proof will
be complete.
Consider the equidistributed points 2F=' = ag < a; < - -+ < ay = 2*

where N = min (2“', 2k ).
For each fixed j define A, = K, _

we have the estimate

, where a,,_1 < n < a,. Then

(2) IHE;aS127 < n < 2l < I{ALS12571 <1< 2l
+ {EGn = Af12571 <0< 28} foa).

To estimate the first term, we note that A, is constant on intervals
of the form a,,-1 < n < a,,. Hence

A2 <0 < 2% ey = H{Kjapod /11 S m < Ny,

which allows us to estimate the L? norm

2
2

(oA <0 < 2Y2))”
k=1
B /X Z I{Af ()25 <n < 2°}|2 5y da
k=1

= Z I{ Ko f ()| < NY|[2 ) de

X k=1

§/ ZQZZH(Mmf(;I:)Pdw
X k=1 =1
—e 2 [ ),

k=1 m=1

where between the second and third steps we used property (3) of
the v(2)-norm, and in the last step we used Minkowski inequality for
integrals.

Note that for each fixed j we have the following facts.
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1. For each m we have Kj,am supported in I = {5 < ¢(A) <

ST - ) 4
2. For each m we have |K;,, ()] < 27l for ) € L k.

3. By definition, N = N(k) = min (2“', 2]“).
4. For fixed 7, no A is in more than 2 of the /.

Thus we have

/EwmmPWMM<Z/2W ) 1f[dn
§2|Cj|z/ VP dA

gﬁ/mww

= 2|J| Hsz

For the second term in (2) we use the second property of the v(2)-
norm,

{EGn — AnfI2771 << 2%} lug)
N(k)

< 2N MK — Anflan s <0 < an}ly)

m=1

N

N(k)

=2( Y MK flams <n < andliy)
m=1

D=

For fixed m we have

H{[(j,nf|am—l <n< am}HU(Q) < H{[(j,nf|am—1 <n< am}HU(l)

¢

(3) = sup E |Aj,brf - [ijbrﬂ-l f|7
am—le1<b2“'<bé<am =1

where as usual, the supremum is taken over all possible increasing

sequences contained in [@y,—1, dy).

We have

Am41

l
S Ko, f = Kip f@)] <D Ky @) = Ky f(2))-

r=1 T=am
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Using this and Holder’s inequality, we see that (3) can be estimated by

(= n) (3 130 0) = Ko fF)

Hence we have

{Kjn=AnfI257" < n < 282

N(E) -
<4y (am - Clm—l) N K f(2) = Ky f(2)]
m=1 T=0m-1
(4) N ok - 2
<4 Z:l max <W’ ) _Z K, f(2) — Kjpin f(2)]

§4max< Tk ) Z | K f(2) = K )]

r=2k—1

We now sum over k, and take the L? norm of (4) to obtain
(5)
- 2
| SoUR = Aul2 <0< 242
k=1

SZ max 2||7 / Z |A]7’ A]T-I-lf( )| dx
k=1

2 -1
<4 Zmax 2| 7o 1 Z; / 1K () = K ()1 ()] dy
r=2k-1

We now estimate the inner integral of (5). First note that we have

1K (A) = Kjrn (V)] = [K(Nn(2779(N) — Ko (A)n(27(r + 1)g(V))]
< K (A)n(2re(N)) = K (A)n(27re())]
+ K1 (Mn(27r0(A) = Ko (Mn(27(r + 1)p(V)))|
= |K,(A) = Kea (V)] [n(27r¢(V))]
+ [Kepr (V] [1(2r9(A) = (2 AP + 270(V))].

For the first term we use the estimate

(K (A) = Ko (V)] <

ﬁl»—\
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and the fact that n(2/rp())) is non-zero only if A € I;;, to conclude
that

N N | c
1K (A) = Braa (W] (2 re (W) < pxn (),

for 281 < p < 2%,
For the second term we note that by the mean value theorem,

In(27re(N)) — n(27re(A) + 270(A)] < 27p(M\)y'(0)],

for some 0 € [27rp(N), 27rp(N) + 27¢(N))].
Using the property of  that 05'(0) < C, we see

n(27re(N)) — n(27re(X) + 270(V))] < r%(?(r +1)p(V) 7'(0)] <

Slo

Consequently the second term is controlled by %|[§’T+1()\)| for A € I};,
and is zero elsewhere.
In either case we see that for 28~ < r < 2% we have

. . C
30 = B ] € S (1)
We also have the easy estimate
. . . . C
[Kjr(X) = Kiprn W] < 1B (W] 4 1K (N = 5xn, (V).

Hence we can estimate the inner integral by

2k
/F SR () = R (VO 2
(6)
C C

< emin(—, —)?2* / f)\ 2d\
G [ 10

Hence, we have that (6) can be estimated by
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| ST = A2t <0 < 22
k‘:

2k 1 1 A
< 4Zmax o |,1)cm1n(2k, 2|J|)22k/ |f(N)|2dA

Ik

IJI

< Gt [ 1R

k=1 5,k
reX (g [ i
C — )
k=|j 20l 72k I &
7l 75
- 2|]| Z/ | X
< el
as required. O

5. CONVOLUTIONS AND SINGULAR INTEGRALS IN THE CONTINUQUS
CASE.

In this section we extend the theory to the continuous parameter
case. To do this we need a continuous analog of Proposition 4.1. We
will restrict our attention to convolution operators on R? In the case
d = 1 the version we need for the applications which follow is con-
tained in Bourgain’s paper [4]. Here we state a slightly more general
version. The proof is the same as the proof of Proposition 4.1, with the
obvious replacement of estimates of differences by estimates involving
derivatives.

Given a sequence {K;};cg of convolution kernels on R?, we consider
the operators they define on L?(X), 1 < p < oo,

Kif(x) = Ky x f(x).

Proposition 5.1. Let ¢ be a non-negative function on R?. If there
is a constant ¢ > 0 such that (i) Ki(A)| < emin(tp(X), w}/\)) and (ii)

A2 [&t( W< S, forall X € R, for all t € RY, then

H( Z K fI2! <t < 2’“};\3(2))%”2 < |/l

k=—0c0
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With this theorem we can obtain several results about convolution
operators. In each of the following cases we can take p(A) = |A|. In

what follows, ®,(x) = ®(x/t)/t* where z € R*.
Theqrem 5.2. Let & be aAfunction on R? such thatAfor A # 0, we have
(a) |P(N)| < c/IA|, (b) [VO(N)| < ¢, and (¢) |X-VO(A)| < c. Then
s 1/2
(D @12t <0< 2 20)) Tl < ell e
k=—o0

Proof. Let Ki(z) = ®;(x) — @y (z) if 28 <t < 281, Then
Ki(A) = §,()) — Dpe(N) = B(AE) — D(A2F).

By (a) we can estimate

. . . 1
(K] < [@OA)] + [9(A2)] < ey

|AL]’
with (b),
R0 < 1A= A2V O] < el
and by (¢),
& i) < - v < PEYRAOE €
Now apply Proposition 5.1. U

As a simple example of the kind of & that satisfies the above Theo-
rem, we mention the following.

Corollary 5.3 (Differentiation operator). Let ® = x[g 7. Then
Dif(x) = &, f(x) is the differentiation operator, and we have

s 1/2
|3 ez <t <22) )| < ellflle
k=—00

Proof. We just need to see that the hypothesis of the Lemma 5.4, are
satisfied. We make the following estimates.

We have

—27T’iAk 1

d 1
d()\) = / e 2TARTE ] — 67._.
() kl:[l 0 g H —271Ag

1<k<d )\ 20

Now,

d
Sy + Y <drd [ < I 22

k=1 Ael<l [Ag]2>1 [Ar|>1 [Ax|>1
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Hence

—2miAg 1|

. e 1
o) < L d—
LV | B b w e s

1<k<d, [\ |21

showing (a).
For (b), we compute

9 . T 1 .
%Q(A) = H/ e AT d:L‘k/ —27ri$je_27m]z] dz;.
oA ; 0

k#j 70

Clearly the product, with k& # j is bounded by 1, and the last integral
is also clearly bounded by 1. Now just sum over j.

For (c), the argument is the same except this time we need to esti-
mate

1
/ —27ri)\]~a:je—27r”]z] dx;,
0
and an easy integration by parts shows this to be bounded too. O

For the applications that follow, we also need the following lemma
involving the differentiation operator.

Lemma 5.4. Let ® be a funclion on R? such that for )\A# 0, we have
(@) 16(V)] < emin(1/]A,1), () [VOO)] < ¢, () ]A- VEO)] < ¢ and
(d) there exists ®g such that lim,_q ®,(1) = ®o(t) for all t € R?. Then

we have

o0

H( Z | Dy * [ — Dyr + g *f|2)1/2H2 < || f|l2-

k=—0c0

Proof. By the assumptions about ® and the properties of D; established
in the proof of Corollary 5.3, we have

A ~ A A ~ A 1
[®24(8) = Dot ()@o(y)] < [@24 () + [ Do (][ @0()] < ex 57757

and
|(i)2k(t) - DQk(t)(i)O(m §|&)2k(t) - ‘f’o(t)l
| Dok (1) — 1]|@o(1)] < ca]t|2".
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Hence, letting ¢ = max ¢y, ¢3,

/Z |®gn % f—Dor # Do * f|2da
k
- / D l#(0) = Dar (Ol 0)
- / S by () — Diys (1)bo(0) L (1) Pl
k>0

L/ENQWk — Dy e (1) o) 2| £ (1) [Pt

k>1
1
2k 2 2
<e [ X e 3 mmora
0<k<log, [t|~1 log, |t|~1
o P
v [ Y e 3 g 0P
1<k<log, |t| k>log, |t|
< Il

proving the lemma. O

For the differentiation operator considered in Corollary 5.3, more is
true than what was established there. To prove the variation inequali-
ties that follow, we need the stronger statement from Jones, Rosenblatt
and Wierdl [11]. A discrete version in R can also be found in [10].

Theorem 5.5. Let Dt denote the differentiation operator defined by
D:f(x) :tdf)xm ) f(xz —t)dt. Then for o > 2,

I Def Mool < el fl2,
and
D Nlo@llz < ell fll2-
Corollary 5.6. Let ® as in Lemma 5.4, then
@1 fllugoll2 < ()l f]2,

and
1@+ fllozllz < el fl]2-

Proof. The proof is an application of Theorem 5.2, Lemma 5.4 and
Theorem 5.5, together with the observation that ®x f € L*if f € L?,
and [|®o * f|[2 < || fll2. O
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The Poisson kernel has been studied earlier in Corollary 3.4 with L?
results for p > 1. For illustration purposes we now apply the results of
this section to the Poisson kernel, obtaining L? results.

Corollary 5.7 (Poisson kernel). Let
P.(z)=cq

€

(Jz|? + €2)(@+1)/2’

Let 2 < p < oo. Then

LAP oo ll2 < (o) [LF 1125
2 [P llo@ll < el 125

2 (o) )
s [ N(Pse). b < 2

Proof. For the Poisson kernel, we have Ci)()\) = ¢~ 2" From this we
easily get the estimate |®(\)| < min(1, #I)\I) For (b) we have

a Aj
— P(N) = ML
2T
Now just sum over j, and the result follows. For (c¢) the argument is
almost the same. In this case we just need to note that |[A|e=2"*l is
bounded.

For the third statement, note that as we have observed before, we
have AN (P. f(z), \)'/e < 1" f(2)|o(e)- Now just take the L? norm of
both sides, and apply the first statement of the corollary.

O

Corollary 5.8 (Conjugate Poisson kernel). The conjugate Poisson ker-
nel on R is defined by

1 x

w24 €2

QE(J;) =

Let 2 < p < oo. Then

LA Qef o2 < (o)l
2. 1Qeflo@ll2 < el fll2;

3. /}{N(Qﬁf(:c),)\)%dxg

s

Proof. Let f € L% and let Hf denote its Hilbert transform. Then
Hf € [? and Q. * f(z) = P.« Hf(x). The result then follows from
Corollary 5.7. U

c(o
)\2

This last corollary and Corollary 3.5 give indication that the corre-
sponding variation, oscillation and jump inequalities should also hold
for the Hilbert transform. This is indeed the case. The complete study
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of the variation and oscillation inequalities for the Hilbert transform

can be found in Campbell, Jones, Reinhold and Wierdl [7].
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