A SMOOTHER ERGODIC AVERAGE
KARIN REINHOLD

ABsTRACT. We study the pointwise behavior of the smoothed out

averages
n

Paf(z) ==Y — F(T ezt
M1 Gk Jltl<er/2
where T; is a measure preserving flow on a probability space. We
show that these are good averagesin LP, p > 1, if ¢} is a convergent
sequence or if they are given by stationary random variables. When
p = 1 the averages are good if limg_ o € =€ > 0.

1. INTRODUCTION.

Let (X,3,m) be a probability space and T' a measure preserving
point transformation on it. Birkhoff’s Ergodic Theorem shows that
the averages A, f(z) = (1/n) >_7_, f(T*z) converge almost everywhere
for any function f € L'(X). However Bergelson, Boshernitzan and
Bourgain showed in [3] that if {73} is a flow on X given by measure
preserving point transformations, then the averages along observations
slightly perturbed at time k, B, f(z) = (1/n) > i [(Thte, @), fail to
converge even for L°°(X) functions. In fact these averages fail to con-
verge so badly that Akcoglu, Bellow, del Junco and Jones [1] showed
that they are strong sweeping out averages for any sequence ¢, — 0.

They concluded then that in applications, the ergodic averages do not
converge because, by limitations of instruments, time measurements
can not be taken exactly at instant k. Therefore, instead of dealing
with averages along arithmetic sequences (as is the case of the averages
A,f), in applications one rather has an averages of the form B,f.
However, in the same spirit, one could also argue that by limitation of
instruments one can not measure time instantly. That is, measurements
can not be taken at any particular instant, rather they are an average
measurement around those instants. One such model results when the
measurement at time £ is actually the following average measurement
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around instant k:

L F(Tossz)dt.

€k Jlt|<er/2

In this model, the time averages take the form

(1> Pnf(m) = l Y i f(Tk_Hx)dt.

AT Gk Jlt<er/2

These averages have extra smoothness and therefore are expected to
be better behaved. And indeed they are.

In this work we look at a more general setting than in equation 1.
That 1s, we assume that the averages at time k are “weighted” averages,
where the weights are given by an approximation to the identity.

The paper is organized as follows. In section 2 we show that maximal
function associated with these type of averages is strong type (p,p) for
p > 1, and when inf; ¢, > 0, the maximal function is also weak type
(1,1). We also show that the averages converge if the sequence ¢
converge.

The convergence of the sequence ¢ is not necessary for the con-
vergence of these averages. In section 3 we study a certain kind of
non—convergent sequences € for which there is pointwise convergence
of P,f(z). However, in these cases, the ergodicity of T} is necessary.
A counterexample also shows that in the general case, ergodicity of T}
is not sufficient either.

Lastly section 4 shows convergence results when the sequence ¢ is
given by a stationary sequence of random variables.

We thank the referee for very useful comments.

Throughout this work, a probability space means a complete proba-
bility space. And C' denotes a constant whose value may change from
one occurrence to the next.

2. PosITIVE RESULTS

Let {T}}:er be a measurable flow of measure preserving transforma-
tion on a probability space (X, 3, m). Let ¢ be a positive, integrable
function on R satisfying the conditions:

a. [o(z)dr =1,
b. the function ¢(z) = sup, 5|, »(y) is integrable.
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Define ¢ f(x) = [ f(Tix)p(t)dt, where ¢ (1) = ¢(t/€)/e. Given any

sequence of p081tlve numbers {e;}72, C (0,1), define the averages

= % Y eaf(Tia).
k=1

We will also consider the maximal operator M f(z) = sup,,», [P f(7)].

Lemma 2.1. Consider R with Lebesque measure and the shift flow
Tix = x + 1. Then there exists a universal constant C such that:

A. for any f € LP(R), p>1

IMflp <

and for any f € Llog L

C
m”f”p,

/]

dm
e

m{z: Mf(x )>)\}<—/|f| (1+log®
B. if infy>1 €5 > € > 0, then for any f € L'(R)

m({e: Mf(x) > M) < S

Proof. This lemma is immediate by the Maximal Frgodic Theorem
and the Hardy-Littlewood Maximal Theorem because under our as-
sumptions on ¢, the maximal function supsyq s f is dominated by the
Hardy-Littlewood maximal function sup,q(1/€) f|t|<6/2 flz+t)dt (see

[15] or [16]). Thus |[sup, [A.f]|l, < (C/(p=1)I[f ||, and || supsso @sfll, <
(C/(p— 1) fllp, for p > 1, where C' denotes a universal constant.

A. Since |P, f| < An(supgsg lpsf]), then, for f € LP with p > 1,

C C’
Pufllly < ——— < — £l
Hsgp| f|Hp (p_l)HSégIg@foHp (p_l)ng”p

Now, if f € Llog L, then supg. |¢sf| € L'. Hence
mis s sup [P f(s)] > A} < mis : sup IAn(Sup [ps f(s)]) > A}

|f|

C
< —||suplesf /f (1+1o
Tlsmwlesfll < 5 [ 1710 +108" 2

——)dm.
B. Since e < ¢, < 1,

et @ < ¢ [ 11+ 0pt/e)de < ¢ [1fi(+0p(0)ar
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Letting Sf(z) = [ f(x + t)é(1)dt, we have
A zsup [Puf(2)] > A}) - < A({w :sup AnS[f|(2) > ed})

C C’
< = = = |/l

The next lemma is essentially Calderén Transfer Lemma [6], adapted
to our needs.

Lemma 2.2. A. If Mg is a weak (1,1) operator for functions g on
R with Lebesque measure and the flow Tyx = x + t, then for any
measure preserving flow {T;} on a probability space (X, 3, m), the
operator M f is also weak (1,1).

B. If Mg is a strong (p,p), 1 < p < oo, operator for functions g on
R with Lebesque measure and the flow Tyx = x + t, then for any
measure preserving flow {T;} on a probability space (X, 3, m), the
operator M f is also strong (p,p).

Lemma 2.3. Let {¢;} be a sequence of real numbers in (0,1).

a. Then sup,s, P.f satisfies a strong (p,p) inequality.

b. If ¢ > € > 0 for all k, then sup,s, P.f satisfies a weak (1,1)

inequality.

Proof. This lemma follows from Lemmas 2.1 and 2.2. O

Proposition 2.4. Given f € LY(X), then lim—oe.f(z) = f(z) for

a.e. T.

Proof. Let B = {z: ¢.f(x) — f(x) as e — 0}.

Since {T};} is a measure preserving, measurable flow, the application
U: X xR — X, ¥(z,t) = Tix is measurable and m(T:A) = m(A)
for all A € B. With this notation, let

UYB) = {(z,t): . f(T1z) — f(Tix) as e— 0}
Let C' = W~(B°), the set of pairs (z,¢) where convergence fails.

Let C* = {t:(x,t) € C} and Cy = {z : (x,t) € C'} and let A denote
the Lebesgue measure on R. Then, by Fubini’s Theorem, A(C*) = 0
for m-a.e. z.

Indeed, consider F(z,t) = f(¥(x,t)) = f(Tix). Note that @ F.(t) =
J Fo(t + s)pc(s)ds. Now, since f is integrable and ¥ is measurable,
F'is measurable and locally integrable. By Fubini’s Theorem, F,.(t) =
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F(z,1) is measurable and locally integrable for m—a.e. x. For such an
x, the Lebesgue Differentiation Theorem adapted to convolutions with
approximation to the identity (see [15] or [16]), gives lim_q @ F,.(1) =
F.(t) for a.e. t, proving the claim.

Then

0 :/X)\(C“”)dm(:z;) = m x \C) = /Rm((]t)dt.

Since 0 < m(Cy) < 1 for a.e. t, we have that m(C;) = 0 for a.e. t.
However

Cy={z:V(z,t) € B} = {z : Tyx € B°} =T, '(B°).

Since the flow is measure preserving, m(B°) = 0. Hence lim._q ¢, f(z) =

f(z) for ae. z. O

Let fo = ¢ f if € >0 and fy = f. Proposition 2.4 has the following
immediate consequence.

Corollary 2.5. Iflimg_o € = € > 0, then lim,—o(1/n) >, @e, f(T)
= f(z) a.e. for any f € L'.

Corollary 2.6. If1 < p < oo, then im._gp.f = f in LP.
Proof. Let f € LP. Given n > 0 there exists 6 > 0 such that if
m(A) < & then [, |f[Pdm < n/2?. This property also gives that for any

e, [, leeflPdm < n/27. Indeed, since the flow is measure preserving,

m(T;"A) = m(A) < § for all t and hence

[ tea@rin) < [ [irtapein)
= [edo) [ \rrapimz)a

= [ [, ir@pame

n _n

Let A,, = {z : |p.f(z) — f(z)] < nfor all ¢ < v}. By Proposition
2.4, m(A,,) — 1 as v — 0. Fix v = v(n) so that m(A,,) > 1 —¢.
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Then, given n > 0 there exists v such that for all e < v

oot =1l = [ Vs = sidm+ [ oot = fram

Anp A

§n+2p/
A

< 3.

c
nv

Wme+%/ flPdm

c c
mv AWJ‘

To prove the pointwise convergence of the averages P, f, we refer to

the following theorem of R. Jones and M. Wierdl (Theorem 2.10 in [9]).

Theorem 2.7. Let (X,X,m) be a measure space. Denote by D the
set of a.e. measurable functions. Lel ¢ be a Young function and let
(Lo ||llo) be the corresponding Orlicz space. Let T, i be a dissipative
double sequence of linear operators which are conlinuous in measure,
positive, and map L, — D. Let 7, = >, T, be the associated aver-
aging sequence. Assume for every [ € L, we have 7,f — f ae. for
some f € D. Suppose that (9x) C Ly is a sequence of functions with the
property that g, — g a.e. for some g € Ly, and that || supy |gx|||, < oo,

then
Z Torkgr — ¢
k=1

a.e.

Let ©f denote the projection of f onto the subspace of invariant
functions under 7y defined by lim,,—.., A,(f)(z) = x f(z) for a.e. = and
f e L, p>1. We are now ready to prove the convergence of the
averages P, f.

Proposition 2.8. Let {T;} be a measure preserving flow on a proba-
bility space (X, 3, m).

a. Iflimg_oo €5 = € > 0, then for any f € L, p > 1, limy—o P, f(2)
=xf. fora.e .

b. Iflimg_e € = 0 then for any f € LP, p > 1, limy—o, P, f(z) ==f

a.e. .

Proof. This proposition is a consequence of Jones and Wierdl’s Theo-
rem 2.7. In our situation, L, = L?, T, ; f(z) = f(Txx)/n and 7, f(z) =
A f(z) =nt 3 f(Tyx). Clearly, T, is dissipative since, for any
fe Lt lim,_o f(Trx)/n =0 for ae. z.
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By the Pointwise Ergodic Theorem 7,f — =#f a.e. for any f €
LP. The functions gx = ¢, f are all in L7 if f € LP, and have, by
Proposition 2.4, the property gr — f. a.e..

It remains only to show that sup, |gx| € L”.

We have two cases to consider. If limg_., €z = € > 0, then ¢, > ¢g =
inf; e, > 0, hence

sup lgx| < gup wsf < —/f (Tyx)o

Since ¢ is integrable, sup, |gx| € LP if f € LP, p > 1.
If limy_o €, = 0, then the maximal function is dominated by the
Hardy-Littlewood maximal function (see [15] or [16]),

1
sup |gx| < sup | f] < C(p) sup —/ | f(z +1)|dt,
k e>0 [t|<e

e>0 €

and the later maximal function is in L?, only if p > 1.
In either case, Theorem 2.7 gives P,f =n~"' > 7_ Trgr — 7 f. a.e..
O

The technique used in Proposition 2.8 failed to show pointwise con-
vergence in L' in the case when ¢, — 0. However, mean convergence
holds even in this case. It is not difficult to see that if limy_.., € = ¢ >
0, there 1s mean convergence in L? for p > 1. Indeed, mean convergence
in L? for p > 1 or in L! when ¢, — ¢ > 0, is an immediate consequence
of Proposition 2.8. The next corollary then completes the case p = 1,
showing that if ¢, — 0 then the averages P, f at least converge in the
L' norm.

Corollary 2.9. Let 1 < p < oo. If limp_ex = € > 0, then
lim, ., P,f converges to = f. in LP.

This corollary is an application of the following result and Corollary

2.6.

Lemma 2.10. Let {T,;} be a double sequence of operators on a Ba-
nach space (Y,|.]|) satisfying

a. || Tukl]l = 0 as n — oo,

b. sup, > i |Twkl = C < oo,
where || T, k|| denotes the operator norm. Let 7, = > .7~ T,y and as-
sume that lim, ., 7,y = y for anyy € Y. Let yp,y € Y such that
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Proof. Since 7,y — ¥, it suffices to show that > .~ (T, ryr—Thxy) — 0
as n — oo.

Y " Tosye = Tosyll <Y M Tuilye — ) <D 1Ty — vl
k=1 k=1 k=1 k=1

K o0
<Y N Taelllys =yl + D W Tnkllllve — vl
k=1 k=K+1

=1+11.

To handle the second term, choose K so that given € > 0, ||yr —y|| <
¢/C for all k > K. Hence 1 < (¢/C) ZZOZK.H Tk < (e/C) C =e.

For that fixed K, since |T, k|| — 0 as n — oo, given ¢ > 0 there
exists NV > K such that [ < ¢ for all n > V.

Thus we have shown that for any € > 0 there exist N such that
I > ey Tokye — > opey Tugyll < 2¢ foralln > N. O

3. NON-CONVERGENT SEQUENCES

In this section we only consider the special case ¢ = x[_;5 5. To
avoid confusion we will denote ¢, f by I.f. We will also use the notation

Prf(e) = (1/n) Yhey Lo S (@),

Lemma 3.1. Let D = span{f—T1f : f € L=}. Iflim,—oo(1/n) > 7 _,
lek—1 — €x|/(€k—1 V €x) = 0, then lim,_, P,f exists and = 0 a.e. for
any [ € D.

Proof. Let f =g —Tig, g € L. Then
log(Tiz)  le,9(Thsi)

1 n
Pnf(x) = g Z]ekg(Tk:E) - ]ek—1g(Tk‘T) +
k=2

n n
Assume €,_1 > €, then
|]5kg($) - Ifk—lg($)|
1 1 1
= (== —)erlo9(2) + — 9(Tix)dl]
€k €k-1 Ch—1 Jep<t|<er—s
(€r—1 — &)
< 22— |9l
€k—1

Thus
2 ler-1 — e 2|91l
Paf (@)l < 23 el + =2 — 0
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as n — oo. [

Lemma 3.2. Letl {ex} be a sequence in (0,1) satisfying the variation
condition imy,_o.(1/n) > ,_, |1 — €x|/(€r—1V €x) = 0. Then lim,_,
P! f(x) exists a.e. for any f € L? invariant under Ty if and only if

a. if p>1, lim, oo Pof evists a.c. for any f € L7,
b. if p=1and e > e >0 for all k, lim,_.., P, exists a.e. for any
fel.

Proof. Let I ={f € L? : T\ f = [}, the invariant functions of 7}, and
D = span{f —Tif : f € L>}. The direction (<) is trivial because
if f € I then P!f(z) = P,f(z). Let’s prove (=). By Lemma 3.2,
if f € D, lim,_o P.f = 0 ae.. On the other hand if f € I, then
P,f(xz) = P! f(x) which converges a.e. by hypothesis. Hence P, f(x)
converges a.e. for any function in [ + D, a dense subspace of L?. The
lemma then follows by the maximal inequality in Lemma 2.3. O

Lemma 3.2 is interesting because it says that if the sequence {¢;}
doesn’t have a large variation, then P, f converges for all f in L? pro-
vided P'f converges for invariant functions. In the case when Tj is
ergodic, the second statement is trivial since the only invariant func-
tions are the constants. But if the sequence {¢;} does not converge,
then ergodicity of T} is necessary.

Lemma 3.3. T} ergodic if and only if for any sequence {e;.} satisfying
the condition of Lemma 3.2 one has

a. if p>1, lim, oo Pof evists a.c. for any f € L7,
b.if p=1and ¢, = ¢ >0 for all k, lim,—ou Pof caists a.c. for any
fel.

Proof. (=) The proof follows from Lemma 3.2 because if T; is ergodic
then the only invariant functions are the constants so P! f(x) converges
trivially for any invariant function.

(<) If T1 is not ergodic, we will construct a sequence for which the
averages do not converge. Construct a sequence {¢;} taking only two
values a and [ in the following way. Let ¢y = 1 and inductively
construct a; and by such that b, = 2a; and apy; = 2b;. Then the
collection of sets Ay = [ak, br) and By = [bg, ax41) form a partition of
the positive integers. Now let ¢;, = a if y € Ay and ¢; = B if j € By.
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Then, if f is an invariant function for 77,

Pocif(@) = Ly 3 f@a)+ Ll 3 f(T7e)

keU, <r A, k keU; <1 B,

L

Isf(z).

by — 1 1
But
Akl = by —ap =ap =4""
|Bi| = arsr — by = b = 24571,
SO
ot
Ej§k|Aj| . Z]’=é4j _ -1 —>gask—>oo
by—1  24k1 1 32451 1) 3
Zj<k|BJ'| _ E;:(?QZN _ a1 — —as k — o0
bo—1 2411 3(4k1—1/2) '
Hence,
, 2 1
klil?o Po1 f(x) = gfaf(l’) + glﬁf(f’f)'
Similarly,

. 1 2
Jim Po—1f(2) = Slaf(z) + 31s/(2).

By choosing an invariant function f which is not constant, we see that
the limit of P, f does not exists a. e.

Clearly the sequence ¢, satisfies the conditions of Lemma 3.2 because
in a block of length 2" there are only n changes. Thus this example
shows that ergodicity is necessary. [

Example 3.4. With the help of Lemma 3.3 we can construct non—
convergent sequences {¢;} (taking more than finitely many values as
in the above example) for which the averages P, converge a.e. when
T} 1s ergodic.
Construction: Fix 0 < ¢ < 1/4 and find n > 1/e. Construct the
sequence ¢ inductively. Let ¢; = ¢ and

— min{ek—l—nlﬂ,%} if €1 < ¢ <1/20r ¢ =,

k1 = ; _

max{e, €, — if e < e <e€pqore=1/2.

1
n+k
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This sequence satisfies the hypothesis of Lemma 3.3, thus P, f(z) con-
verges a.e. for f € L', but the sequence {¢;} itself does not converge.

The results obtained so far in sections 2 and 3 seem to indicate that
if Ty is ergodic, given any sequence {ex} in (0,1), the averages P, f(z)
converges a.e. for any f € LP, p > 1. However the ergodicity of T}
alone is not sufficient. We thank the referee for suppling the following
example.

Example 3.5. Consider the flow Tyz = = 4+ /2{ on the Torus [0,1]
mod 1. Let f(z) =1if 2 € [0,1/2) and f(z) = —1if z € [1/2,1). Let
{z} denote the fractional part of z.

Let {N;}%2, be a rapidly growing sequence of integers to be deter-
mined, say Ng =1 and N;4; > 10N, for 3 > 1. Let € = \/5/200 and
Ji=(6,3 —2¢) and J = (3 +¢,1 — 2€).

Define the sequence {ex}72, in the following fashion:

s i {kvV2} ey

it Ny: < k < Ny let =
1 27 S K < WNgjyr, lel ¢ {% i {kﬂ} €J2a

= il {kv2} €y
if {kv2} ¢ Jy.

|-

if N2j+1 S k < N2j+2, let €L = {1

s

Notice that for all z,

1/2v/2 1/2

1, af(x) = ﬂ/_l/mf(x +V21)dl = i f(z+t)dt = 0.

And
1/200

1/200

_ {1 ifz €le,;—¢

-1 ifzelf+el—e).

Let B; = [N;, N;41). Since the sequence {kv/2} is uniformly dis-
tributed in [0, 1), we can choose the numbers N; such that

#{kEBjS{k\/ﬁ}eb}>|J|_6:l_w
Noiir = 2100

and

#{k € Byj_1 : {kV2} € J;} 1
2 |J1| — €= = .
Ny 2 100
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Then, for z € [0,1/200],
1

PN2J+1f($) = , Z ]Ekf(x—l_kﬂ)
2‘7+1 ]C<N2j
1
+ 1 x4 kvV2
Nojor k;; 1/100f( )
{kV2}e Ty
1
+ 1 z+ k2
Najia k;; l/ﬁf( )
{kv2}¢Js
_ L #{keBy: {kV2} € 1}
- 10 Nojta
Sl At
10 2 100 4

and

Paf() = = 3 L f(z+ V)

NQ] k<N2]—l
1
+ N Z ]1/100f(15—|-k\/§)
2j keB3;_1
{kv2}es;
1
+ oL, sl + kV2)
2j k€B3;_q
{kv2}¢7;
> _i n #{k € Byj_1: {k\/ﬁ} € Ji}
- 10 Ny;
1 1 2v2. 1
P J——— - — ) > —
- 10 + (2 100 ) 4’

showing that these averages diverge on a set of positive measure, even
though Tiz = 2 + /2 is an ergodic transformation.

4. RANDOM SEQUENCES

In this section we require the probability space (X, 3, m) to be a
Lebesgue space in order to be able to use ergodic decompositions, and
that £/ = {ex} be a stationary sequence of random variables defined on
a probability space (2, C, P), taking values on [0, 1].
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Defining o f(z) = f(z), the time averages now take the form

P.f(z,w) = Z‘Pq f(Tyx)

where z € X and w € Q.

The results of this section follow from the Return Times Theorem.
Bourgain first proved a first version of this theorem in [4], Bourgain,
Furstenberg, Katznelson and Ornstein gave an alternate proof in [5],
and Rudolph in [13] gave a proof through joinings and the formulation
of the theorem that we present here.

Let S be a measure preserving transformation on a Lebesgue proba-
bility space (Q, G, v). The tuple (Q,G, v, S) is called a dynamical sys-
tem. By abuse of notation, if (X, 3, m) is a Lebesgue probability space
and {7;} is a measurable flow of measure preserving transformations,
then the tuple (X, 3,m, {T}}) is also called a dynamical system.

It will be clear from the context which definition of dynamical system
we are using.

Theorem 4.1. (Return Times Theorem) Let (Q, G, v, S) be a dynam-
ical system, and g € LP(v). Then, there is a subset Q, C Q of
full measure, so that for any other dynamical system (X, 3, m,T) and
felim), 1/p+1/g=11<p<o0) ifweQ,

lim — Zg Skw) f(T*z)

k—oo N
converges for p—a.e. x € X.

Note 4.2. Given a sequence {¢;} of stationary random variables defined
on a probability space (2, C, P) and taking values in [0, 1], they define
a measure preserving one sided shift on the infinite product space ' =
x22,[0,1] endowed with v the measure induced by the distribution of
the random variables. Let G be the completion of the Borel sets with
respect to the Borel probability measure v. Since ' is a complete
separable metric space, a theorem of von Neumann ([11]) implies that
(¥, G, v) is a Lebesgue space.

In what follows, we will not mention this infinite product construc-
tion but it is in this space where we are actually working when we
apply the Return Times Theorem.

Lemma 4.3. For any sequence £ = {ex} of stationary random vari-
ables, there exists a set Qg of probability 1 such that for any dynamical
system (X, B, m,{T3}), if w € Qg, then lim,_o, P, f(z,w) exists for
a.e. x and any f € L™.
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Proof. We will first show that there exists a set 25 such that for
any dynamical system (X, 3, m, {T1;}) satisfying that 7} is ergodic, the
averages Py f(z,w) converge for a.e. z.

Note that, by Proposition 2.4, for almost every = the map F': ¢ —
we(f)(z) and F(0) = f(x), is continuous and hence uniform continuous
on [0, 1].

Let I, = [¢/n,(1+1)/n). Because the sequence of random variables
{er}r is stationary and f € L°°, the Return Times Theorem 4.1 gives
that for each pair (¢,n), 0 <1 < n, the there exists a set Q;, C Q of
probability 1 such that if w € Q; ,,

1 N

OV F(@) = 5 D xrs(ex(w)gigf (Th)

k=1

converges for a.e. ©+ € X as N — oo, for any dynamical system
(X,B,m,Ty). Then Qg = U, U] Q;, is a set of probability one.
Given ¢ > 0 arbitrarily small, define

A= (a2 I () — g f(@)] <6, = <),

Because the uniform continuity of the map € — ¢.(f)(z), we can find
an ng such that m(A%) > 1—6 for all n > ng. Fixingn > no, if f € L™,

|PNf($7w) PMf(wiNS

n—1 N
1
|PNf Z, w ZWZXI @Z/nf(Tk:E”
Z:O :1

n—1 M
1
+ |PMf($ w Z)&I QZ/nf(Tk‘TH
1=0

=1

- ZIC”” — O f(z)]

= ]1-|-]2—|-]3-

To estimate the first two terms, observe that since 7} is ergodic, for
a.e. z, there exists Ny = Ny(z), such that for all N > Ny,

N
1 ny\c
¥ v (Tha) < m((AF)) + ¢,

k=1



A SMOOTHER ERGODIC AVERAGE 15

Thus
n—1 1 N
b= 5 S D 7))
=0 k=1
n—1
1
< SL Y e 5+§j S v (es(w))2 e
1=0 1<k<N 1<k<N
ThreAT Ty o g AT
< 642 flleo [m((AF)) + 6]
< S [T+ A[f]o0]

for all N > Nj.

The second term 5 is handled in the same way, obtaining the same
estimate provided that M > Nj.

To handle the the third term, recall that by the Return Times The-
orem, for each w € Qg and any pair (n,7),0 < <n, {Cy f(z)}nyisa
Cauchy sequence, for a.e. & Thus, for a.e. z, there exists Ny = Ni(x)
such that if N, M > Ny, |C]7\L/f(:1;) — C;\}Zf(a:ﬂ < é/n, making I3 < ¢.

Thus we have shown that for any w € Qg, given 6 > 0 for a.e. =
there exist N = max(Np, N;) such that for all N,M > N, |Pxf(z) —
Parf()] < 63 + 8] f].c).

Hence, for each w € Qg and f € L, the averages Py f(z,w) form
a Cauchy sequence for a.e. x € X. Therefore they converge.

The general case where T} may not be ergodic is readily obtained
via the ergodic decomposition of the system (X, 3, m,Ty).

If we have a flow for which 7} is not ergodic, since (X, 3, m) is a
Lebesgue space, we can decompose the measure m into its ergodic
components under Ty. Let (V,3’,v) be the factor of (X, 3, m) defined
by the sigma algebra of Ti—invariant sets of X. Then the collection of
Borel measures {m, },ev on the fibers satisfy that (X, 3,m,,T1) is an
ergodic system for v—a.e. v € V, and

= / my(A)dv, for all A € 3.
v

(For a detailed explanation of decomposition over factor algebras see
Rohlin [12], and for a simplified approach see Rudolph [14]).

Now, given w € Qg, let C = {z : limy_., Pnf(z,w) exists}. Since
(X, m,, T1) is an ergodic system for v—a.e. v € V, m,(C') = 1 for v—a.e.

v € V. Hence, m(C) =1 also. O

Applications of Holder’s inequality now yield convergence results in

Lr.
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Given any dynamical system (X, 5, m,{T;}), by Lemma 4.3 the set
of functions f € L? where lim,_., P, f(z,w) exists for a.e. z, for all
w € Qg, is dense in L. We need only to see that it is also closed.

Notice that in the above Lemma, there was no integrability condition
imposed on the stationary sequence {¢;}. For LP convergence we will
have to require some integrability condition on the reciprocal of ¢,
more precisely 1/¢; € L', with the convention

L° = { measurable functions on Q}.

Theorem 4.4. Let £ = {¢;} be a sequence of stationary random
variables and p and q conjugate indexes, that is 1 < p,q < oo and
I/p+1/q=1. Assume thal either ¢ has compact support and p € L9,
or that ¢ € L'. If 1/ex € LI7HQ), there is a set Qp of probability
1 such that if w € Qg, then for any dynamical system (X, 3, m,{T:})
and any f € LP(X), lim,—o P, f(2,w) exists for a.e. .

Proof. We will only prove the case 1 < p < oco. The case p = 1 is
handled similarly. The case p = oo is nothing but Lemma 4.3.
Let Q% be the set from Lemma 4.3, and

T

k=1

Since X = 1/ex € LT7H(Q), ' is a set of probability 1. Define Qg =
O'Nay.

We will show that for any dynamical system, the subspace H = {f €
L? : for all w € Qp,lim,_ P, f(z,w) exists for a.e. z} is closed.

By the existence of the ergodic decomposition, we can assume that
Ty is ergodic. Let f € LP. Given 6 > 0, choose ¢ € H such that
If —gll, <6, and let h = |f —g].

Case 1: ¢ has compact support and ts in L9:
Since the support of ¢ is compact, there exists L. such that support of
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¢ C[—L, L]. Then
|Pn(f = g)(z, w)] <
1 N 1/p 1 N 1/q
~ D | = gl" (Thps) [— Xﬁ(w)ﬁﬁq(th(w))] di
AISL [N ; N ;
_ | N 1 1/p . N 1/q
< / — RP(Tyqex) dt [— / X (w)p?(t Xi(w)) dt]
i< N o ] N; <L
’1 N q1/p 1 N 1/q
< N / h? (Tyqq) di [ﬁ ZXE_I(U})] lellq
| k=1 YIS i k=1

Then for each w € Qp,
limsup | Pu(f — g)(z, w)] < (L)% [l o'/t < (2L)17 a1/ 8

N—oo

for almost every .

Case 2: ¢(x) = supj, s, (y) is integrable.

|Pn(f = g)(z,w)| <

N 1/p
/ [% ; |f = g|"(Thysz) ‘P(th)]

1/p

N N 1/q
< %;/wmwww [%;/mwwaww]
i N 11/p N 1/q
< %; / R (Thps) (1) di [%;X}j_l(w)] [EIR&

Then, for each w € Qg,
tim sup [Py (f = 9)()] < 1], g1l a7 < & gl o'/

N—oo

for almost every .

The estimates in either case gave us that if w € Qg and § > 0,

(2) lim sup | Py(f — g)(x, w)] < C(p,w) 6

— 00
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for almost every x. This is enough to show that the sequence P, (f)(z, w)

is Cauchy. Indeed, ’
[P (f) (2, w) = Pn(f) (2, w)] < [Pu(f = g)(x, w)| + [Pl f — g)(z,w)]
+ [Pu(9)(z,w) = Pr(g)(z, w)|.

Estimate 2 shows that for each w € Qp, there exist N; such that
if n,m > Nj, the first two terms are < C(p,w)é for almost every
x. Since g € H, if w € Qp, the sequence P,(g)(z,w) is Cauchy for
a.e. x. Hence there is Ny such that if n,m > N;, the third term
is smaller than 6. Hence, if w € Qg, for all n,m > max{Ny, Ny},

| P (f) (2, w) = Pr(f) (2, w)] < (14 2C(p,w))é.
This proves that for every w € Qg, P, f(z,w) is a Cauchy sequence

for a.e. x, and hence f € H. O
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