A CLASS OF INTEGRAL OPERATORS
ON THE UNIT BALL OF C»

OSMAN KURES AND KEHE ZHU

ABSTRACT. For real parameteis b, ¢, andt, wherec is not a nonposi-
tive integer, we determine exactly when the integral operator

— lwl2)?
T(z) = (1 |2 / Wﬂw) do(uw)

is bounded on’?(B,,, dv,), whereB,, is the open unit ball irfC™, 1 <

p < oo, anddv,(z) = (1 — |2]?)! dv(z) with dv being volume measure
onB,,. The characterization remains the same if we replaee(z, w) )¢
in the integral kernel above By — (z, w)|°.

1. INTRODUCTION
Throughout the paper we fix a positive integeand let
C"=Cx---xC

denote the:-dimensional complex Euclidean space. Eoe (z,- -, z,)

andw = (wy, -+ ,w,) in C" we write
(z,w) = 2101 + -+ 2, Wy,

and

|2l = Va2 + - [zl = (2, 2).

The open unit ball irC" is the set
B, ={zeC":|z] <1}
The boundary oB,, is the set
Sn={CeC":|¢(| =1},

which will be called the unit sphere i@".

We denote bylv the volume measure dh,, normalized so that(B,,)

1. For any real parametemwe define
dvy(2) = (1 — |2]*)" dv(z).

It is well known thatdv, is finite if and only ift > —1.
1
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We are going to study the integral operat@ts= 7,;. andS = S,
defined by
(1= Jw]?)®

THE) = (1= ) [ e ) duu),

and
$#:) = (= B [ E L ) dotw),

Herea, b, andc are real parameters.
We can now state our main results.

Theorem 1. Supposéd < p < oo andc is neither) nor a negative integer.
Then the following conditions are equivalent.

(a) The operatorT, ; . is bounded orl.?(B,,, dv;).
(b) The operatorS, . is bounded orl?(B,,, dv;).
(c) The parameters satisfy

—pa<t+1<pb+1)
c<n+1+4+a+b.

Theorem 2. Suppose = 1 andc is neither0 nor a negative integer. Then
the following conditions are equivalent.

(a) The operatofT, ;. is bounded or.! (B,,, dv;).
(b) The operatorS, ; . is bounded o' (B,,, dv,).
(c) The parameters satisfy

—a<t+1<b+1 —a<t+1<b+1
or
c=n-+1+a-+bd. c<n+14+a+b.

The special case = 1 andc = 2 + a + b was considered in [3].
The special case = 0 is especially interesting. We denote the resulting
operator byP, .. Thus

Pb,cf(z)zf (1 — |w]*)"f(w) dv(w)

(1 = (z,w))°

In particular,P, . f is holomorphic whenever it is defined. This operator is

in some sense similar to the Bergman projection, and Theorems 1 and 2 tell
us exactly wherP, . mapsL?(B,,, dv;) into L*(B,,, dvs), wherel < p < oo,
tisreal, andk > —1.
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2. AN APPLICATION OFSCHUR'S TEST

In this section we consider the boundedness,gf. on L*(B,,, dv;) in the
casec = n+ 1+ a+b. Our estimate is based on the following well-known
Schur’s test.

Lemma 3. Let i be a positive measure on a measure spacéet H(x, y)
be a positive measurable function ahx X, and letp > 1 with

11
S+ =1
P q

If there exists a positive measurable functigiz) on X and if there exists
a positive constant’ such that

[ B b duty) < Oty
X
and
[ Hzhy duto) < Chiyy
X
for all z andy in X, then the integral operator

Hf(z) = /X H(zy) f(y) du(y)
is bounded orl?(X, ) with ||H|| < C.

Proof. See Theorem 3.2.2 of [2]. O

The following estimate will also be crucial to the proof of our main re-
sults.

Lemma 4. Supposer > —1 ands is real. Then the integral
(1 — [w]*)* dv(w)
] pu—
(Z) /]Bn |1 _ <Z’w>|n+1+a+s
has the following asymptotic behavior g$ — 1.
(@) If s <0,thenl(z) ~ 1.
(b) If s =0, thenI(z) ~ —log(1 — |z|?).
(c) If s> 0,thenl(z) ~ (1 — |z|*)~*.

Proof. See Proposition 1.4.10 of [1]. O

The following simple fact will be used many times later in the paper, so
we collect it here for convenience of reference.

Lemma 5. The measur@v;(z) = (1 — |z]*)! dv(z) is finite onB,, if and
onlyift > —1.

Proof. This follows easily from polar coordinates; see 1.4.3 of [1]. O
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We now prove the main esitmate of this section.

Lemma 6. Supposel < p < oo, —pa < t+1 < p(b+ 1), andc =
n+ 14 a+b. Then the operatof = S, . is bounded orl?(B,,, dv;).

Proof. If p=1and—a < t+1 < b+1, then for everyf € L'(B,,, dv;) we
can apply Fubini’s theorem to obtain

: |Sf(2)] dv(2)
/ (1 —|zf?)* dv(Z)/ (1 = wl')l flw)] dv(w)

|1 _ <Z, w) |n+1+a+b

IN

= [ o [ (P

= [ wEeiae [ et

Sincea +t > —1 andb — ¢t > 0, we deduce from part (c) of Lemma 4 that
there exists a constaat > 0 such that

/ (1 — |z[*) do(z) < C

. |1 _ <Z7w>‘n+1+a+t+(b7t) (1 _ ’w’2)b7t

for all w € B,,. It follows that
1Sf(2)|dvi(2) < C [ |f(w)|dvi(w),
Bn Bn
and sofS is bounded oL (B,,, dv;).
If 1 <p<ooandl/p+ 1/q = 1, then the inequalities
—pa<t+1<plb+1)

is equivalent to

b+1<b—t a+t+1 a
q p p q

These two inequalities clearly imply that

b+1 a a+t+1 b—t
(_T’E)m(_ p P )
is nonempty. Pick any numberfrom the above intersection and let
h(z) = (1 — |z]*)*, z € B,.
We can write the integral operatSr= S, . as

Sf(z)=[| H(z,w)f(w)dv(w),

Bn
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where
(1= [z[)*(1 — w]?)*"
’1 _ <Z’w>‘n+1+a+b
It follows from Lemmas 3 and 4 that the integral operaids bounded on
Lp(Bn, dvt). O

H(z,w) =

3. SUFFICIENCY FOR THEBOUNDEDNESS OFS, ;.

In this section we obtain sufficient conditions for the boundedness of the
operatorS = S, ;. on LP(B,,, dv;). In the next section we shall show that
these conditions are also necessary.

Lemma7.1fl1 <p<oo,—pa<t+1<plb+1),andc<n+1+a-+b,
then the operatof,, ;. is bounded orl?(B,,, dv;).

Proof. Write
c=n+14+a+bd) —ec
Thenos > 0 and

I [ S | 2
11— (z,w)|c |1 = (z,w)|+1+etd = |1 — (2, w)[rritett’
Combining this with Lemma 6, we conclude that the operata bounded
on LP(B,,, dv;). O

Lemma8.lfp=1,—a<t+1=b+1,andc < n+ 1+ a+ b, then the
operatorS = S, . is bounded o, (B,,, dv;).

Proof. We apply Fubini’'s theorem again to obtain
1S (2)] dvi(2)
]Bn
(1 — |z[*)*"" do(2)
< [ a-Plswldw) [
/n . 1= (zw)
(1 — |z[*)*** do(z)
1= (z,w)l°
By assumptiong +¢ > —1 andc =n+ 1+ (a + t) + s, where
s=c—(n+l4+a+t)=c—(n+14+a+b)<O0.
By Lemma 4, there exists a const&@nt> 0 such that
_ 2\a+t
[ Ak
. T=(zw)

for all w € B,,. This shows that the operatsris bounded o' (B,,, dv;).
d

= [ ) due) [

]B"

n
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4. NECESSITY FOR THEBOUNDEDNESS OFI, ;.

In this section we obtain necessary conditions for the boundedness of the
operatorl” = T,;,. on LP(B,,dv;). These conditions turn out to be the
same as the sufficient conditions we obtained in the previous section for the
boundedness of the operat®r= S, ;. on L?(B,,, dv;).

Lemma 9. Supposd < p < oo and?' = T, is bounded orl.*(B,,, dv;).
Then—pa < t + 1.

Proof. Recall that
(1—|w?)’

THE) = (1= ) [ S ) dofu).

Choose a positive numbé¥ such thatNp +¢ > —1andN +b > —1. It
follows from Lemma 5 that the function

fa(z) = (1=
belongs tal?(B,,, dv;). Since the kerngll — (z, w) )¢ is anti-holomorphi in
w, an application of the symmetry @f, shows that there exists a constant
Cn > 0 such that
Tfn(z) = On(1 —|2]%), z € B,,.

SinceT fx belongs tol?(B,, dv,), it follows from Lemma 5 thapa + t >
—1,0r—pa <t+1. 0

Lemma 10. Supposé < p < oo and?’ =T, . is bounded ol?(B,,, dv;).
Thent + 1 < p(b + 1), and strict inequality holds wheh< p < oc.

Proof. Let ¢ be the conjugate gf. Thusl/p+ 1/¢ = 1 whenl < p < c©
andq = oo whenp = 1. By duality, the boundedness @fon L?(B,,, dv;)
implies the boundedness 6f on L9(B,,, dv;). It is easy to see that, with
respect to the duality?(B,,, dv;)* = LY(B,, dv,), we have

B 1— |w|2)a+t
T f(z) = 1—z2bt/ (—fw dv(w).
() = (=) | G e @) o)
If 1 < p < oo, then the boundedness’Bf on L4(B,,, dv;) implies
qb—1t) +t> —1;
see Lemma 9 or its proof. It is easy to see that the inequality above is
equivalent to
t+1<pb+1).
If p = 1, so the operatof™* is bounded or.>°(B,,), then we can apply
T* to a bounded function of the form

fu(z) = (1 =],
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whereN is a sufficiently large positive number, to obtain a bounded func-
tion 7™ f5. Once again, it is easy to see that there exists a positive constant
Cy such that

T fn(z) = Cn(1 = |2))"", 2 €B,.
The boundedness of this function clearly implies thatt > 0, or
t+1<1(b+1).
This completes the proof of the lemma. O

The next lemma shows that, in the special casen + 1 + a + b, strict
inequality int 4+ 1 < p(b + 1) must also hold even when= 1.

Lemma 11. Suppose: = n+ 1+ a+bandT = T,,. is bounded on
L*(B,, dv;). Thent < b.

Proof. By the duality argument used in the proof of the previous lemma,
the operator

x (1 1a12\b—t (1 — Jw[?)**?
T"f(z) = (1 = [2]%) /Bn (1= (2, w))r+itath
is bounded or.>*(B,,). For any pointz € B,, consider the function

B (1—{a, z>)n+1+a+b
falz) = 11— (a, Z>‘n+1+a+b’

f(w) dv(w)

z € B,.

It is obvious that| f,||« = 1 for everya € B,,.
On the other hand, we have

_ 1 — |w|?)* dv(w)
T*aOO>T*a :1_ th/( )
7 fllee 2 1T ful@)l = (1 =10y | —r s
If b = t, then an application of part (b) of Lemma 4 shows that

lm |77 fulleo = o0,

la[—1~

a contradiction to the assumption tH&t is bounded on.>(B,,). Since
Lemma 10 tells us that> b is impossible, we must have< b. O

Lemma 12. Supposd < p < oo and the operatofl’ = 7, . is bounded
on LP(B,, dv;). If cis not a nonpositive integer, then< n + 1 + a + b.

Proof. We consider the functionfy ;. defined by
fan(z) = A= [2V2f, 2z €By,

wherek is a positive integer anfy is large enough so th&f + b > —1 and
Np+t>—1.
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We first estimate the norm ¢y ;. in L?(B,,, dv;):

| rallt = / v a(2)P du(z) = / (1= 229 2 P do(z).

Forz € B,, we writez = r(, where0 < r < 1 and( € S,,, and integrate in
polar coordinates (see 1.4.3 of [1]) to obtain

1
1fall? = 20 / (1 — P2)Vort 2nemht g, / QP do(€),
0 n

wheredo is the normalized surface measure n The radial integral
above is equal to

1

. k

n/ (1—T)Np+tr"+7k_1dr = nB (Np+t+1,n+%)
0

k

nr(Np+t+1)r(n+%)_

I'(Np+24n+t+1)

We are going to fixV but letk — oo. By Stirling’s formula, the radial
integral above is comparable to(N?+*+1) ask — oo. In particular, there
exists a constartt; > 0, independent of, such that

(l) Hka”t — kNP+t+1/ ‘Cl‘pkda

forall k > 1.

We next compute the norm @ffx .

Sincec is neither0 nor a negative integer, we use the Taylor expansion
for (1 — (z,w))~¢ and the multi-nomial expansion fot, w)* to obtain

1 — [w]?)M P wi do(w)

(1=, >)c

= (el [ (e kZ e G dofw

= Fkg'kT—z_c?(l — |z‘2>a /Bn(l . ‘w‘ )N+bwllc<z w> dv(w)

_ T(k+o) 2\a k INNLb| . |2k
— =y [ ) P doto)

]B"

Thuz) = (=R [ (
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By polar coordinates and Proposition 1.4.9 of [1], the last integral above is
equal to

1
2n/ (1 . 7n2>1\7+b7,2n+2kfl dr Kl’% dO’(C)
0 Sn

1
= o =t [P
0 Sn
nF(N—i—b—l— Dl(n+Ek) (n—1)K!
D(N+b+14n+k)(n—1+Fk)"!

It follows that
n!I'(N 4+ b+ 1)I'(k +¢)

T = 1— |z%)2f.
Jua(z) F(c)F(N+b+1+n—i—k;)( l21%)"2)
By Stirling’s formula,
n!T'(N 4+ b+ 1)I'(k +¢) 1

L e)(N+b+1+n+k) ~ ENTbfLin—c

ask — oo, and by the arguments in the first paragraph of this proof (with
in place of V),

/ (1-— |Z|2)pa|z1|l’k dvy(z) ~ ﬁ/g |<l|pk do ()

B,
ask — oo. So we can find a consta@t > 0, independent of, such that
Cy
p
(2) 1T fnllt = Ep(N+b+1+n—c)+(patt+l)

for all £ > 1. Combining (1) and (2) with the boundedness’iofon
L?(B,, dv;), we obtain a positive constaat, independent ok, such that

1 C

fpN+pb+ptpn—petpat+t+l — LNp+t+l’

or 1
e = ¢ E21L
This is possible only whea<n + 1+ a +b. -

5. COMLETING THE PROOF OFTHEOREMS1 AND 2

We now put all the pieces together to prove the two main theorems stated
in the introduction.

It is obvious that the boundedness &f, . on L?(B,, dv;) implies the
boundedness df, ;. on L?(B,,, dv;). So (b) implies (a) in both Theorem 1
and Theorem 2.

That (a) implies (c) in Theorem 1 follows from Lemma 9, Lemma 10, and
Lemma 12. That (a) implies (c) in Theorem 2 follows from Lemmas 9-12.
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It follows from Lemma 7 that (c) implies (b) in Theorem 1. That (c)
implies (b) in Theorem 2 follows from Lemma 7 and Lemma 8.
This completes the proof of Theorems 1 and 2.

6. AN APPLICATION

In this section we apply the main result proved earlier to characterize
a class of Banach spaces of holomorphic function®,in including the
weighted Bergman spaces and the holomorphic Besov spafigs of
Throughout this section we use

m = (my, ma, -, Mmy)
to denote a multi-index of nonnegative integers. It is common practice to
write
Im| =mq +mao+ -+ +my, m! =mqlmy! -+ my!.

If z € B,,, we write

m mi1 .ma Mn

2=z Ry ez,
Similarly, if f is holomorphic inB,,, we write
lml
o (2) !

T 027027 - 0z
In this section we are going to modify the definitiondai as follows:
dvy(2) = (1 = |2*)" dv(2),

wherec, = 1 fort < —1, and fort > —1, ¢ is chosen so thafy; is a
probability measure. This slight abuse of notation is clearly harmless, but it
will simplify our presentation in many instances.

Fora > —1 andp > 0 we use

AP = H(B,) N LP(B,, dv,)
to denote the weighted Bergman space, whé(®,,) is the space of all
holomorphic functions ifB,,. It is well known thatA? is a closed subspace
of L*(B,, dv, ). In particular, there exists an orthogonal projection
P, : L*(B,,dv,) — A2,

This will be called the (weighted) Bergman projection. It is well known that
P, is an integral operator. More specifically,

_ f(w) dvg(w)
Fafle) = / (1= (z,w))mtite
This integral representation can be used to extend the domait), &b
L' (B, dv,).
The main result of this section is the following.
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Theorem 13. Supposé’isreal,a > —1,p > 1, and N is a positive integer
satisfying

—pN < B+1<pla+1).
If fis holomorphic inB,,, thenf € P,L?(B,, dvs) if and only if the func-
tions(1 — |z|?)Y0™ f(z), where|m| = N, all belong toL?(B,,, dvs).
Proof. If f = P,(g) for someg € LP(B,,, dvs), then

_ (1 — Jw*)*g(w) dv(w)

10=a [ S

For each multi-indexn with |m| = N we differentiate under the integral
sign to obtain

(L= )0 1(2) = Cola — oy [ G Eg )

whereC,, is a positive constant depending on An application of Theo-
rems 1 and 2 shows that the functions

(L =1[z)"o"f(2),  |ml=N,

all belong toL?(B,,, dvg).

On the other hand, if the functions — |2|?)Y o™ f(z) are inL?(B,,, dvs)
for every multi-indexn with |m| = N, then the functionél —|z|>)Y 0™ f(z)
belong toL?(B,,, dvs) for every multi-indexm with |m| < N; see Theorem
2.17 of [4]. Consider the function

g(2) = C(1 = |2[)" RV f(2),

whereC is an appropriate constant aiké-" is the radial differential opera-
tor defined in [4]. By Proposition 1.15 of [4R*" is a linear partial differ-
ential operator orf (B,,) of order N with polynomial coefficients. There-
fore, the assumption ofiensures that the functigrbelongs ta’?(B,,, dvg).
Now

(1 — JwP)M RN f(w) do(w)
B, (1 _ <Z, w>)n+1+a .
By Proposition 1.14 of [4], we can choose the constasuch that
Pa(9)(2) = RanR¥Y f(2) = f(2),

whereR, y is the radial integral operator defined in [4], which is just the
inverse of the operatd®®". This completes the proof of the theorent.]

Fa(9)(2) = CCy

An interesting special case is wheén= —(n + 1). In this case, the
theorem above characterizes the holomorphic Besov Spade< p < oo,
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as the image of the Lebesgue spaégB,,, dr) under the weighted Bergman
projectionP,, where

dv(z)
(1 — |z|?)n+t
is the Mbbius invariant measure d,. See [4] for more information on the
Besov spaces,,.

dr(z) =
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