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ABSTRACT. For real parametersa, b, c, andt, wherec is not a nonposi-
tive integer, we determine exactly when the integral operator

Tf(z) = (1− |z|2)a

∫
Bn

(1− |w|2)b

(1− 〈z, w〉)c
f(w) dv(w)

is bounded onLp(Bn, dvt), whereBn is the open unit ball inCn, 1 ≤
p < ∞, anddvt(z) = (1 − |z|2)t dv(z) with dv being volume measure
onBn. The characterization remains the same if we replace(1−〈z, w〉)c

in the integral kernel above by|1− 〈z, w〉|c.

1. INTRODUCTION

Throughout the paper we fix a positive integern and let

Cn = C× · · · × C

denote then-dimensional complex Euclidean space. Forz = (z1, · · · , zn)
andw = (w1, · · · , wn) in Cn we write

〈z, w〉 = z1w1 + · · · znwn

and

|z| =
√
|z1|2 + · · ·+ |zn|2 =

√
〈z, z〉.

The open unit ball inCn is the set

Bn = {z ∈ Cn : |z| < 1}.

The boundary ofBn is the set

Sn = {ζ ∈ Cn : |ζ| = 1},

which will be called the unit sphere inCn.
We denote bydv the volume measure onBn, normalized so thatv(Bn) =

1. For any real parametert we define

dvt(z) = (1− |z|2)t dv(z).

It is well known thatdvt is finite if and only ift > −1.
1
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We are going to study the integral operatorsT = Ta,b,c andS = Sa,b,c

defined by

Tf(z) = (1− |z|2)a

∫
Bn

(1− |w|2)b

(1− 〈z, w〉)c
f(w) dv(w),

and

Sf(z) = (1− |z|2)a

∫
Bn

(1− |w|2)b

|1− 〈z, w〉|c
f(w) dv(w).

Herea, b, andc are real parameters.
We can now state our main results.

Theorem 1. Suppose1 < p < ∞ andc is neither0 nor a negative integer.
Then the following conditions are equivalent.

(a) The operatorTa,b,c is bounded onLp(Bn, dvt).
(b) The operatorSa,b,c is bounded onLp(Bn, dvt).
(c) The parameters satisfy{

−pa < t + 1 < p(b + 1)

c ≤ n + 1 + a + b.

Theorem 2. Supposep = 1 andc is neither0 nor a negative integer. Then
the following conditions are equivalent.

(a) The operatorTa,b,c is bounded onL1(Bn, dvt).
(b) The operatorSa,b,c is bounded onL1(Bn, dvt).
(c) The parameters satisfy{

−a < t + 1 < b + 1

c = n + 1 + a + b.
or

{
−a < t + 1 ≤ b + 1

c < n + 1 + a + b.

The special casen = 1 andc = 2 + a + b was considered in [3].
The special casea = 0 is especially interesting. We denote the resulting

operator byPb,c. Thus

Pb,cf(z) =

∫
Bn

(1− |w|2)bf(w) dv(w)

(1− 〈z, w〉)c
.

In particular,Pb,cf is holomorphic whenever it is defined. This operator is
in some sense similar to the Bergman projection, and Theorems 1 and 2 tell
us exactly whenPb,c mapsLp(Bn, dvt) into Lp(Bn, dvs), where1 ≤ p < ∞,
t is real, ands > −1.
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2. AN APPLICATION OFSCHUR’ S TEST

In this section we consider the boundedness ofSa,b,c onLp(Bn, dvt) in the
casec = n + 1 + a + b. Our estimate is based on the following well-known
Schur’s test.

Lemma 3. Letµ be a positive measure on a measure spaceX, let H(x, y)
be a positive measurable function onX ×X, and letp > 1 with

1

p
+

1

q
= 1.

If there exists a positive measurable functionh(x) on X and if there exists
a positive constantC such that∫

X

H(x, y)h(y)q dµ(y) ≤ Ch(x)q

and ∫
X

H(x, y)h(x)p dµ(x) ≤ Ch(y)p

for all x andy in X, then the integral operator

Hf(x) =

∫
X

H(x, y)f(y) dµ(y)

is bounded onLp(X, µ) with ‖H‖ ≤ C.

Proof. See Theorem 3.2.2 of [2]. �

The following estimate will also be crucial to the proof of our main re-
sults.

Lemma 4. Supposeα > −1 ands is real. Then the integral

I(z) =

∫
Bn

(1− |w|2)α dv(w)

|1− 〈z, w〉|n+1+α+s

has the following asymptotic behavior as|z| → 1−.
(a) If s < 0, thenI(z) ∼ 1.
(b) If s = 0, thenI(z) ∼ − log(1− |z|2).
(c) If s > 0, thenI(z) ∼ (1− |z|2)−s.

Proof. See Proposition 1.4.10 of [1]. �

The following simple fact will be used many times later in the paper, so
we collect it here for convenience of reference.

Lemma 5. The measuredvt(z) = (1 − |z|2)t dv(z) is finite onBn if and
only if t > −1.

Proof. This follows easily from polar coordinates; see 1.4.3 of [1]. �
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We now prove the main esitmate of this section.

Lemma 6. Suppose1 ≤ p < ∞, −pa < t + 1 < p(b + 1), and c =
n + 1 + a + b. Then the operatorS = Sa,b,c is bounded onLp(Bn, dvt).

Proof. If p = 1 and−a < t+1 < b+1, then for everyf ∈ L1(Bn, dvt) we
can apply Fubini’s theorem to obtain∫

Bn

|Sf(z)| dvt(z)

≤
∫

Bn

(1− |z|2)a+t dv(z)

∫
Bn

(1− |w|2)b|f(w)| dv(w)

|1− 〈z, w〉|n+1+a+b

=

∫
Bn

(1− |w|2)b|f(w)| dv(w)

∫
Bn

(1− |z|2)a+t dv(z)

|1− 〈z, w〉|n+1+a+b

=

∫
Bn

(1− |w|2)b|f(w)| dv(w)

∫
Bn

(1− |z|2)a+t dv(z)

|1− 〈z, w〉|n+1+a+t+(b−t)
.

Sincea + t > −1 andb− t > 0, we deduce from part (c) of Lemma 4 that
there exists a constantC > 0 such that∫

Bn

(1− |z|2)a+t dv(z)

|1− 〈z, w〉|n+1+a+t+(b−t)
≤ C

(1− |w|2)b−t

for all w ∈ Bn. It follows that∫
Bn

|Sf(z)| dvt(z) ≤ C

∫
Bn

|f(w)| dvt(w),

and soS is bounded onL1(Bn, dvt).
If 1 < p < ∞ and1/p + 1/q = 1, then the inequalities

−pa < t + 1 < p(b + 1)

is equivalent to

−b + 1

q
<

b− t

p
, −a + t + 1

p
<

a

q
.

These two inequalities clearly imply that(
−b + 1

q
,
a

q

) ⋂ (
−a + t + 1

p
,
b− t

p

)
is nonempty. Pick any numbers from the above intersection and let

h(z) = (1− |z|2)s, z ∈ Bn.

We can write the integral operatorS = Sa,b,c as

Sf(z) =

∫
Bn

H(z, w)f(w) dvt(w),
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where

H(z, w) =
(1− |z|2)a(1− |w|2)b−t

|1− 〈z, w〉|n+1+a+b
.

It follows from Lemmas 3 and 4 that the integral operatorS is bounded on
Lp(Bn, dvt). �

3. SUFFICIENCY FOR THEBOUNDEDNESS OFSa,b,c

In this section we obtain sufficient conditions for the boundedness of the
operatorS = Sa,b,c on Lp(Bn, dvt). In the next section we shall show that
these conditions are also necessary.

Lemma 7. If 1 ≤ p < ∞,−pa < t + 1 < p(b + 1), andc ≤ n + 1 + a + b,
then the operatorSa,b,c is bounded onLp(Bn, dvt).

Proof. Write
σ = (n + 1 + a + b)− c.

Thenσ ≥ 0 and

1

|1− 〈z, w〉|c
=

|1− 〈z, w〉|σ

|1− 〈z, w〉|n+1+a+b
≤ 2σ

|1− 〈z, w〉|n+1+a+b
.

Combining this with Lemma 6, we conclude that the operatorS is bounded
onLp(Bn, dvt). �

Lemma 8. If p = 1, −a < t + 1 = b + 1, andc < n + 1 + a + b, then the
operatorS = Sa,b,c is bounded onL1(Bn, dvt).

Proof. We apply Fubini’s theorem again to obtain∫
Bn

|Sf(z)| dvt(z)

≤
∫

Bn

(1− |w|2)b|f(w)| dv(w)

∫
Bn

(1− |z|2)a+t dv(z)

|1− 〈z, w〉|c

=

∫
Bn

|f(w)| dvt(w)

∫
Bn

(1− |z|2)a+t dv(z)

|1− 〈z, w〉|c
.

By assumption,a + t > −1 andc = n + 1 + (a + t) + s, where

s = c− (n + 1 + a + t) = c− (n + 1 + a + b) < 0.

By Lemma 4, there exists a constantC > 0 such that∫
Bn

(1− |z|2)a+t dv(z)

|1− 〈z, w〉|c
≤ C

for all w ∈ Bn. This shows that the operatorS is bounded onL1(Bn, dvt).
�
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4. NECESSITY FOR THEBOUNDEDNESS OFTa,b,c

In this section we obtain necessary conditions for the boundedness of the
operatorT = Ta,b,c on Lp(Bn, dvt). These conditions turn out to be the
same as the sufficient conditions we obtained in the previous section for the
boundedness of the operatorS = Sa,b,c onLp(Bn, dvt).

Lemma 9. Suppose1 ≤ p < ∞ andT = Ta,b,c is bounded onLp(Bn, dvt).
Then−pa < t + 1.

Proof. Recall that

Tf(z) = (1− |z|2)a

∫
Bn

(1− |w|2)b

(1− 〈z, w〉)c
f(w) dv(w).

Choose a positive numberN such thatNp + t > −1 andN + b > −1. It
follows from Lemma 5 that the function

fN(z) = (1− |z|2)N

belongs toLp(Bn, dvt). Since the kernel(1−〈z, w〉)c is anti-holomorphi in
w, an application of the symmetry ofBn shows that there exists a constant
CN > 0 such that

TfN(z) = CN(1− |z|2)a, z ∈ Bn.

SinceTfN belongs toLp(Bn, dvt), it follows from Lemma 5 thatpa + t >
−1, or−pa < t + 1. �

Lemma 10. Suppose1 ≤ p < ∞ andT = Ta,b,c is bounded onLp(Bn, dvt).
Thent + 1 ≤ p(b + 1), and strict inequality holds when1 < p < ∞.

Proof. Let q be the conjugate ofp. Thus1/p + 1/q = 1 when1 < p < ∞
andq = ∞ whenp = 1. By duality, the boundedness ofT on Lp(Bn, dvt)
implies the boundedness ofT ∗ on Lq(Bn, dvt). It is easy to see that, with
respect to the dualityLp(Bn, dvt)

∗ = Lq(Bn, dvt), we have

T ∗f(z) = (1− |z|2)b−t

∫
Bn

(1− |w|2)a+t

(1− 〈z, w〉)c
f(w) dv(w).

If 1 < p < ∞, then the boundedness ofT ∗ onLq(Bn, dvt) implies

q(b− t) + t > −1;

see Lemma 9 or its proof. It is easy to see that the inequality above is
equivalent to

t + 1 < p(b + 1).

If p = 1, so the operatorT ∗ is bounded onL∞(Bn), then we can apply
T ∗ to a bounded function of the form

fN(z) = (1− |z|2)N ,
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whereN is a sufficiently large positive number, to obtain a bounded func-
tion T ∗fN . Once again, it is easy to see that there exists a positive constant
CN such that

T ∗fN(z) = CN(1− |z|2)b−t, z ∈ Bn.

The boundedness of this function clearly implies thatb− t ≥ 0, or

t + 1 ≤ 1(b + 1).

This completes the proof of the lemma. �

The next lemma shows that, in the special casec = n + 1 + a + b, strict
inequality int + 1 ≤ p(b + 1) must also hold even whenp = 1.

Lemma 11. Supposec = n + 1 + a + b and T = Ta,b,c is bounded on
L1(Bn, dvt). Thent < b.

Proof. By the duality argument used in the proof of the previous lemma,
the operator

T ∗f(z) = (1− |z|2)b−t

∫
Bn

(1− |w|2)a+t

(1− 〈z, w〉)n+1+a+b
f(w) dv(w)

is bounded onL∞(Bn). For any pointa ∈ Bn consider the function

fa(z) =
(1− 〈a, z〉)n+1+a+b

|1− 〈a, z〉|n+1+a+b
, z ∈ Bn.

It is obvious that‖fa‖∞ = 1 for everya ∈ Bn.
On the other hand, we have

‖T ∗fa‖∞ ≥ |T ∗fa(a)| = (1− |a|2)b−t

∫
Bn

(1− |w|2)a+tdv(w)

|1− 〈a, w〉|n+1+a+b
.

If b = t, then an application of part (b) of Lemma 4 shows that

lim
|a|→1−

‖T ∗fa‖∞ = ∞,

a contradiction to the assumption thatT ∗ is bounded onL∞(Bn). Since
Lemma 10 tells us thatt > b is impossible, we must havet < b. �

Lemma 12. Suppose1 ≤ p < ∞ and the operatorT = Ta,b,c is bounded
onLp(Bn, dvt). If c is not a nonpositive integer, thenc ≤ n + 1 + a + b.

Proof. We consider the functionsfN,k defined by

fN,k(z) = (1− |z|2)Nzk
1 , z ∈ Bn,

wherek is a positive integer andN is large enough so thatN + b > −1 and
Np + t > −1.
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We first estimate the norm offN,k in Lp(Bn, dvt):

‖fN,k‖p
t =

∫
Bn

|fN,k(z)|p dvt(z) =

∫
Bn

(1− |z|2)Np+t|z1|pk dv(z).

For z ∈ Bn we writez = rζ, where0 ≤ r < 1 andζ ∈ Sn, and integrate in
polar coordinates (see 1.4.3 of [1]) to obtain

‖fN,k‖p
t = 2n

∫ 1

0

(1− r2)Np+tr2n+pk−1 dr

∫
Sn

|ζ1|pk dσ(ζ),

wheredσ is the normalized surface measure onSn. The radial integral
above is equal to

n

∫ 1

0

(1− r)Np+trn+ pk
2
−1 dr = nB

(
Np + t + 1, n +

pk

2

)
= n

Γ(Np + t + 1)Γ
(
n + pk

2

)
Γ

(
Np + pk

2
+ n + t + 1

) .

We are going to fixN but let k → ∞. By Stirling’s formula, the radial
integral above is comparable tok−(Np+t+1) ask → ∞. In particular, there
exists a constantC1 > 0, independent ofk, such that

(1) ‖fN,k‖p
t ≤

C1

kNp+t+1

∫
Sn

|ζ1|pk dσ(ζ)

for all k ≥ 1.
We next compute the norm ofTfN,k.
Sincec is neither0 nor a negative integer, we use the Taylor expansion

for (1− 〈z, w〉)−c and the multi-nomial expansion for〈z, w〉k to obtain

TfN,k(z) = (1− |z|2)a

∫
Bn

(1− |w|2)N+bwk
1 dv(w)

(1− 〈z, w〉)c

= (1−|z|2)a

∫
Bn

(1−|w|2)N+bwk
1

∞∑
m=0

Γ(m + c)

m! Γ(c)
〈z, w〉m dv(w)

=
Γ(k + c)

k! Γ(c)
(1− |z|2)a

∫
Bn

(1− |w|2)N+bwk
1〈z, w〉k dv(w)

=
Γ(k + c)

k! Γ(c)
(1− |z|2)azk

1

∫
Bn

(1− |w|2)N+b|w1|2k dv(w).
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By polar coordinates and Proposition 1.4.9 of [1], the last integral above is
equal to

2n

∫ 1

0

(1− r2)N+br2n+2k−1 dr

∫
Sn

|ζ1|2k dσ(ζ)

= n

∫ 1

0

(1− r)N+brn+k−1 dr

∫
Sn

|ζk
1 |2 dσ(ζ)

= n
Γ(N + b + 1)Γ(n + k)

Γ(N + b + 1 + n + k)

(n− 1)! k!

(n− 1 + k)!
.

It follows that

TfN,k(z) =
n! Γ(N + b + 1)Γ(k + c)

Γ(c)Γ(N + b + 1 + n + k)
(1− |z|2)azk

1 .

By Stirling’s formula,

n! Γ(N + b + 1)Γ(k + c)

Γ(c)Γ(N + b + 1 + n + k)
∼ 1

kN+b+1+n−c

ask →∞, and by the arguments in the first paragraph of this proof (witha
in place ofN ),∫

Bn

(1− |z|2)pa|z1|pk dvt(z) ∼ 1

kpa+t+1

∫
Sn

|ζ1|pk dσ(ζ)

ask →∞. So we can find a constantC2 > 0, independent ofk, such that

(2) ‖TfN,k‖p
t ≥

C2

kp(N+b+1+n−c)+(pa+t+1)

for all k ≥ 1. Combining (1) and (2) with the boundedness ofT on
Lp(Bn, dvt), we obtain a positive constantC, independent ofk, such that

1

kpN+pb+p+pn−pc+pa+t+1
≤ C

kNp+t+1
,

or
1

kp(n+1+a+b−c)
≤ C, k ≥ 1.

This is possible only whenc ≤ n + 1 + a + b. �

5. COMLETING THE PROOF OFTHEOREMS1 AND 2

We now put all the pieces together to prove the two main theorems stated
in the introduction.

It is obvious that the boundedness ofSa,b,c on Lp(Bn, dvt) implies the
boundedness ofTa,b,c onLp(Bn, dvt). So (b) implies (a) in both Theorem 1
and Theorem 2.

That (a) implies (c) in Theorem 1 follows from Lemma 9, Lemma 10, and
Lemma 12. That (a) implies (c) in Theorem 2 follows from Lemmas 9-12.
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It follows from Lemma 7 that (c) implies (b) in Theorem 1. That (c)
implies (b) in Theorem 2 follows from Lemma 7 and Lemma 8.

This completes the proof of Theorems 1 and 2.

6. AN APPLICATION

In this section we apply the main result proved earlier to characterize
a class of Banach spaces of holomorphic functions inBn, including the
weighted Bergman spaces and the holomorphic Besov spaces ofBn.

Throughout this section we use

m = (m1, m2, · · · , mn)

to denote a multi-index of nonnegative integers. It is common practice to
write

|m| = m1 + m2 + · · ·+ mn, m! = m1!m2! · · ·mn!.

If z ∈ Bn, we write
zm = zm1

1 zm2
2 · · · zmn

n .

Similarly, if f is holomorphic inBn, we write

∂mf(z) =
∂|m|f

∂zm1
1 ∂zm2

2 · · · ∂zmn
n

.

In this section we are going to modify the definition ofdvt as follows:

dvt(z) = ct(1− |z|2)t dv(z),

wherect = 1 for t ≤ −1, and fort > −1, ct is chosen so thatdvt is a
probability measure. This slight abuse of notation is clearly harmless, but it
will simplify our presentation in many instances.

Forα > −1 andp > 0 we use

Ap
α = H(Bn) ∩ Lp(Bn, dvα)

to denote the weighted Bergman space, whereH(Bn) is the space of all
holomorphic functions inBn. It is well known thatAp

α is a closed subspace
of Lp(Bn, dvα). In particular, there exists an orthogonal projection

Pα : L2(Bn, dvα) → A2
α.

This will be called the (weighted) Bergman projection. It is well known that
Pα is an integral operator. More specifically,

Pαf(z) =

∫
Bn

f(w) dvα(w)

(1− 〈z, w〉)n+1+α
.

This integral representation can be used to extend the domain ofPα to
L1(Bn, dvα).

The main result of this section is the following.
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Theorem 13.Supposeβ is real,α > −1, p ≥ 1, andN is a positive integer
satisfying

−pN < β + 1 < p(α + 1).

If f is holomorphic inBn, thenf ∈ PαLp(Bn, dvβ) if and only if the func-
tions(1− |z|2)N∂mf(z), where|m| = N , all belong toLp(Bn, dvβ).

Proof. If f = Pα(g) for someg ∈ Lp(Bn, dvβ), then

f(z) = cα

∫
Bn

(1− |w|2)αg(w) dv(w)

(1− 〈z, w〉)n+1+α
.

For each multi-indexm with |m| = N we differentiate under the integral
sign to obtain

(1− |z|2)N∂mf(z) = Cm(1− |z|2)N

∫
Bn

(1− |w|2)αwmg(w) dv(w)

(1− 〈z, w〉)n+1+N+α
,

whereCm is a positive constant depending onm. An application of Theo-
rems 1 and 2 shows that the functions

(1− |z|2)N∂mf(z), |m| = N,

all belong toLp(Bn, dvβ).
On the other hand, if the functions(1− |z|2)N∂mf(z) are inLp(Bn, dvβ)

for every multi-indexm with |m| = N , then the functions(1−|z|2)N∂mf(z)
belong toLp(Bn, dvβ) for every multi-indexm with |m| ≤ N ; see Theorem
2.17 of [4]. Consider the function

g(z) = C(1− |z|2)NRα,Nf(z),

whereC is an appropriate constant andRα,N is the radial differential opera-
tor defined in [4]. By Proposition 1.15 of [4],Rα,N is a linear partial differ-
ential operator onH(Bn) of orderN with polynomial coefficients. There-
fore, the assumption onf ensures that the functiong belongs toLp(Bn, dvβ).
Now

Pα(g)(z) = CCα

∫
Bn

(1− |w|2)N+αRα,Nf(w) dv(w)

(1− 〈z, w〉)n+1+α
.

By Proposition 1.14 of [4], we can choose the constantC such that

Pα(g)(z) = Rα,NRα,Nf(z) = f(z),

whereRα,N is the radial integral operator defined in [4], which is just the
inverse of the operatorRα,N . This completes the proof of the theorem.�

An interesting special case is whenβ = −(n + 1). In this case, the
theorem above characterizes the holomorphic Besov spaceBp, 1 ≤ p < ∞,
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as the image of the Lebesgue spaceLp(Bn, dτ) under the weighted Bergman
projectionPα, where

dτ(z) =
dv(z)

(1− |z|2)n+1

is the Möbius invariant measure onBn. See [4] for more information on the
Besov spacesBp.
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