COMPACT HANKEL OPERATORS
ON THE HARDY SPACE OF THE POLYDISK

PATRICK AHERN, EL HASSAN YOUSSFI, AND KEHE ZHU

ABSTRACT. We show that a big Hankel operator on the standard Hardy
space of the polydis™, n > 1, cannot be compact unless it is the
zero operator. We also show that this result can be generalized to certain
Hankel operators defined on Hardy-Sobolev spaces of the polydisk.

1. INTRODUCTION

Let D™ be the polydisk inC™ and letT” be the Shilov boundary db".
The normalized Lebesgue measureldnwill be denoted byio. Thus for

fe LY T do)andz = (e'1,--- e’ in T" we have
1 2 27 ]
fE o) = o [ [ gt ey db i,
Tn 2m)m Jo 0

The Hardy spacé/? consists of holomorphic functiornysin D" such that

IfI? = sup / () do(2) < oo

0<r<1

It is well known that for every functiorf € H?, the radial limit
lim f(rz)

r—1-
exists for almost everg € T". If we denote the above radial limit by
f(z), then the Hardy spacH? can be regarded (isometrically) as a closed
subspace of.? = L*(T", do).
Every functionf € L? admits a Fourier expansion

f(z)= ZCLJZJ, z e T",

J

whereJ = (ji,- -, jn) runs over alln-tuples of integers (not just nonneg-
ative integers) and
2l =t
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The Fourier coefficient§a, } of f € L? satisfy

AP = lasl? < co.

J

Moreover, a functiory € L? is the radial limit function of som¢ € H? if
and only ifa; = 0 whenever at least one of thigs is negative. In particular,
the set of all monomials ofi™ form an orthonormal basis fat?, and the
set of all holomorphic monomials @F* form an orthonormal basis fdi2.

When H? is considered as a closed subspace of the Hilbert space
there exists an orthogonal projection

P:L?>— H

It is well known that the orthogonal projection above admits the following
integral representation:

(1) Pf(z)= [ C(zQf(Q)do(¢),  zeD",

’H‘n
where

j=1 ]. — ngj
is the Cauchy-Szgo kernel ofD™. It is clear from a pointwise approxima-
tion argument that the domain of the integral operator in (1) can be extended
to L'(T", do), although the resulting holomorphic functidty is generally
notin H*> whenf € L*(T", do).
If fis afunctioninL?, we can densely define a linear operator

H;: H? — L*(T",do)

as follows:

Hi(g) = —P)(fg) = fg— P(f9g).
In particular, the above definition makes sense for all polynomialkich
form a dense subspace &F.

Itis clear that iff is bounded, thet; is a bounded linear operator from
H?into L? (from now on we shall simply say thaf; is bounded orf{?).
But it is easy to see that there exist unbounded symbol functfansZ?
such that the Hankel operatéf; extends to a bounded linear operator on
H?. For example, iff happens to be idf2, then it can be checked that
P(fg) = fgforall g € H?, so the resulting Hankel operat#l; is the zero
operator, which is of course bounded Bi. On the other hand, if/; = 0,
then

Hy(1)=f—P(f) =0,
sof = P(f) € H* Therefore H; = 0 if and only if f € H>.



COMPACT HANKEL OPERATORS 3

More generally, it was shown in [1] and [5] that, fére L2, the Hankel
operatorsf/; and Hy are simultaneously bounded @t if and only if f
belongs to a certain version of BMO (the so-called rectangular BMO) on
T,

In the case when = 1, itis a classical theorem of Nehari (see [6] for ex-
ample) that the Hankel operatéi; can be extended to a bounded operator
on H? if and only if there exists a bounded functigrsuch that{; = H,.
Combining this with the earlier remark about zero Hankel operators, we see
that H; is bounded if and only iff = g + h, whereg € H? andh € L.

It was shown in [1][2] [4] that a direct analogue of Nehatri’s result does not
hold for higher dimensions. Namely, when> 1, there exist functions

f € L? such thatH is bounded or¥/? but no decompsition of the form

f = g+ h, whereg € H? andh € L, is possible. So in higher di-
mensions, Nehari’'s theorem fails in the sense that there are more bounded
Hankel operators than those induced by bounded symbols.

Inthe case when = 1 again, itis a classical theorem of Hartman (see [6]
again) that the Hankel operatéf; can be extended to a compact operator
on H? if and only if f = g + h, whereg € H? andh is continuous on
T. The purpose of this note is to show that Hartman’s theorem fails in
higher dimensions, but in a completely different way. It's not that we get
more compact Hankel operators than those induced by continuous symbols.
Instead, there exist no compact Hankel operators at all’bim dimensions
greater than.

We mention in passing that it was shown in [3] that there exists no non-
constant holomorphic symbol functighsuch that the corresponding Han-
kel operator/+ defined on the Bergman space of the polydiskn > 1, is
compact. But in that context, there exist a lot of nontrivial compact Hankel
operators on the Bergman spacell3f whose symbols are not conjugate
holomorphic. The surprise for the Hardy space case is that even for general
symbols, the Hankel operatdf; cannot be compact unless it is the zero
operator.

This research was completed while Ahern and Zhu visited the Univer-
sitde Provence in Marseille in June 2006. We wish to thank CMI-Marseille
for their support.

2. THE ACTION OF ROTATIONS

The key idea of our analysis is to study the action of rotations on the
spacel? = L*(T",do). Thus for any = (¢, -+, (,) € T we define an
operator

Ue: LA(T",do) — L*(T", do)
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by

UC(f)(’Zh e 7ZTL) - f((lzla e ,ann)
It is obvious thatU, is a unitary operator oh*. We are going to call/; the
operator of rotation by. Itis easy to check thdf; = Uz, soU; is just the

operator of rotation by. In particular,H? is invariant under the actions of
U; andU¢. In other words H* is a reducing subspace for the operaigys
so each/, commutes with the Cauchy-8go projection” that is used in
the definition of Hankel operators.

Lemma 1. If f € L? and H,; is a bounded Hankel operator dif?, then
UcHU; = Hy,
for every( € T™.

Proof. This is a simple consequence of the definition of Hankel operators
and the fact that eadli: commutes with the projectioR. O

The following result shows that the unitary actions.gfon Hankel op-
erators is continuous in the strong operator topology.

Lemma 2. Supposef € L? and H, is bounded orf/?. Then for every
g € H?, the mappind, — Hy,¢(g) is continuous fronT" to L2,

Proof. Fix n € T". For{ — nin T™ we consider
Hy.s— Hy,y = UHU; —U,H;U;

= UHU; = U,)+ (Ue — Uy)Hs U,

= UcHp(Uz — Uy) + (U — Uy Hy Uy
If g € H?, then

1(Huer = Hu, 1) (@) < 1 H [ (Uz = Ug)gll + [[(Ue — Up) H ¢ Uzgl-
If a; are the Fourier coefficients gf then
1(Uz = Ugl® = lasPI¢” =P,
J>0

whereJ = (ji,- -+, jn) is ann-tuple of integers/ > 0 means that each of
its components is nonnegative, ajid= ¢;* - - - /. Since

ZlaJP < 00, |CJ_77J|2 347
J>0
an application of the dominated convergence theorem shows that
lim ||(U; — Up)gl” = 0.
¢—n
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Similarly, using the Fourier expansion of the functiinUzg (recall thaty
is fixed) in L?, we can show that

lim || (U — U,) H;Uyg|* = 0.
This proves that

lim || Hy(g) — Hu, (9)]| = 0.
as desired. 0

Corollary 3. If f € L? and H, is bounded orf{?, then for anyy € H? the
mapping¢ — || Hy,s(g)|| is a continuous function frori" to [0, co).

3. THE MAIN RESULT
We need the following special case before we can prove the main result.

Lemma 4. Suppose:. > 1 and
fe)=2"=a'a 2
is @ non-holomorphic monomial 6. ThenH is not compact ori{>.

Proof. Sincef is not holomorphic, at least one of thigs must be negative.
Without loss of generality we may assume that the expojestnegative.
If g is any function inH? that is independent of the first variahlg then

fo=2"h(z, - 2)
for some functiorh, and it follows from the product structure of the Cauchy-
Szgo projection thaP(fg) = 0. So for suchy we have
Hyg=fg,  |Hygll =gl

The space of functiong € H? that is independent of; is infinite dimen-
sional, andH; acts on this space isometrically. 36y cannot be com-
pact. U

We can now prove the main result of the paper.

Theorem 5. Suppose’ € L*(T", do) andn > 1. If H; is compact or{?,
thenH,; =0, thatis, f € H?.

Proof. Suppose
f(z) = Z ayz’
J

is the Fourier expansion gf on T, whereJ = (j1,--- , j,) runs over all
n-tuples of integers. Fix any such that; # 0 and writef; = a;27. Itis
easy to see that

£ = [ Un@T aolc)
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An application of Fubini’s theorem shows that

(Hy, (9):0) = | (Hig(9) 1) T do(0)
whereg € H? andh € L% For the careful reader, this should be done in
two steps: first check the identity fore H>°(T") andh € L>(T"), which
are dense subspacesit andL? respectively, then obtain the general case
by an approximation argument.

If  is a unit vector inL?, then we have

i) < [ WHus(o), )] do Q)
< [ st do(0)

Here we used Lemma 2 and Corollary 3 to make sure that all integrals above
are well-defined. Taking the supremum on the left-hand side of the above
inequality over all unit vectoras, we obtain

@ 1@ < [ IHus(0)ldo),

whereg is any function inf2.

SinceH; is compact, it follows from Lemma 1 that each Hankel operator
Hy, s is compact. If{g; } is any sequence iff? that converges to weakly,
then the compactness f;_; implies that

©) lim || Hyg(o1)] = 0.

Every weakly convergent sequencdifi is bounded, and the Hankel opera-
tors Hy,  are uniformly bounded. Therefore, we can find a positive constant
C such that

[ Hus(g0)ll < €

for all k£ and all{. In view of (2), (3), and the theorem of dominated con-
vergence, we conclude that

lim |y, ()| =0

Since{g; } is arbitrary, we have shown théat;, is compact.

Now f; is a nonzero monomial ofi”. We deduce from Lemma 4 and
the compactness df s, that f; must be a holomorphic monomial. By}
was an arbitrary term in the Fourier expansiorypfo the functionf must
be holomorphic. This completes the proof of the theorem. O
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4. A GENERALIZATION

In this section we show that our main result can be extended to a more
general class of Hankel type operators.

Fix a real weight parameterand define a weightei> space on the unit
circleT as follows.

L>*(T) = { > Y (k4 D)l < oo}.

k=—00 k=—o00

In general, elements ih*“(T) should be thought of as formal power series
or as distributions. In particular, algebraic operationd . (T) will be
performed in the sense of formal power series or distributions. In the case
whena > 0, the spacd.>*(T) is indeed a space of functions @h

Three special cases are worth mentioning. First, i 0, L>*(T) be-
comes the standarfi?> space of the unit circle with respect to Lebesgue
measure. Second, if = 1, thenL?>*(T) is the diagonal Besov spadg.
Equivalently,f € L>!(T) if and only if the Cauchy transforms gfand f
both belong to the Dirichlet space. Finally,dif= —1, thenZ*»~!(T) can
be thought of as the boundary distributions of harmonic Bergman functions.
Here we say that a harmonic functiérin the unit disk is in the Bergman
space if

/D Ih(=)2 dA(2) < oo,

wheredA is area measure db.
Itis clear thatZ.?<(T) is a Hilbert space with the following inner product:

o0

(f.9)a = (k[ +1)%axb,

k=—o00

where

f(z) = Z apz®,  g(z) = Z bz,

k=—o00 k=—o0

are elements i.>*(T). The coefficientqa;,} associated with an element
f € L**(T) will be called the Fourier coefficients gf. From now on
elements of.?*(T) will be called functions as well.

Let H>>(T) denote the closed subspaceldf*(T) consisting of func-
tions whose Fourier coefficients:, } satisfya, = 0 for all & < 0. In-
tuitively, H%(T) is the subspace df**(T) consisting of “analytic func-
tions”. Obviously,//>°(T) is a closed subspace 6F°(T).

Let

P, : L**(T) — H**(T)
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denote the orthogonal projection. Given a symbol function L*(T) we
define two operators

T, : HQ’Q('IF) — HQ’Q('IF)
and

H,: H**(T) — L>*(T)
as follows:

To(f) = Palef),  Ho(f) = (I = Fa)(¢f),

where! is the identity operator oA%< (T).

These operators will be called Toeplitz and Hankel operators respectively,
and they are at least densely defined. For examplg,isfa finite power
series, then botf,(f) and H,,(f) are well defined. It is easy to see that
the set of all finite power series is denselift*(T), and the set of all finite
analytic power series is denseff?(T).

A natural and fundamental problem is to determine the symbol functions
¢ such that the operatof$, and/orH,, are bounded or compact. Before we
turn out attention to the polydisk, we mention two elementary examples be-
low and will cite two known results concerning the boundedness of Toeplitz
and Hankel operators atf?“(T).

First, if ¢ itself has a finite power series, then it is easy to check that
both T, and H, are bounded. Actually/7, is compact in this case; see
Corollary 9. Second, i € H**(T), thenH,, = 0, and so is bounded. On
the other hand, if{, = 0, then

Hy(1) = ¢ — Palyp) =0,
so thatp = P,(p) belongs toH**(T). ThusH, = 0 if and only if p €
H?%(T).

It turns out that the most interesting case is when « < 1. In this case,
the spaces$7%“(T) are between the Hardy spaé&(T) and the classical
Dirichlet space, so elements i#**(T) are analytic functions in the unit
disk. Moreover, it is easy to see that an analytic funcgian D belongs to
H?>(T) if and only if

/D PP — 12" dA(z) < oo

Such spaces are usually called Dirichlet type spaces and they have been
studied extensively in recent years. For example, closely related (but differ-
ently defined) Hankel and Toeplitz operators on Dirichlet type spaces are
studied in [7][9][11]. We warn the reader that the spdé¢ defined here
differs in an essential way from the spa®® defined in [7].

A class of spaces introduced by Wu (see [9][10][11]), the analog of
BMOA in the context of Dirichlet spaces, play an important role in all these
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studies. More specifically, for any € (0, 1) let W,, denote the space of an-
alytic functionsf in D with the property that there exists a positive constant
C = Cy such that

/DIQ(Z)IQIf’(Z)IQ(l —[2[*)'7"dA(2) < Cllglla

for all g € H**(T), where||g||, is the norm ofg in H?*(T). In other
words, an analytic functiori in D belongs tdV/, if and only if the measure

du(z) = ' (2)F(1 = [2]) " dA(2)

is a Carleson measure for the Dirichlet type spate*(T). Geometric
conditions in terms of a certain capacity are obtained in [8] and [12] that
characterize Carleson measures for Dirichlet type spaces. Note that our
usage of the parametaeris different from that in the papers cited above.

The following result can be found in [12]. See [13] as well.

Proposition 6. Supposer € H**(T) and0 < « < 1. Then the following
conditions are equivalent.

(a) The functionp is a pointwise multiplier of7>*(T).

(b) The Toeplitz operatdf;; is bounded orff*(T).

(c) The functiony belongs toH* N W,,

If © is analytic, then it is easy to check that our Hankel operatgiis
bounded on/7%<(T) if and only if there exists a positive constatitsuch
that

{0, fa)al < Cllfllallglla

for all analytic polynomialg” andg. It can be checked that this condition is
also equivalent to the boundedness of the small Hankel opératbefined
in [7].

For a general symbat € L**(T) we can use the projectiaf, to write
© = ¢1 + Py, Where eachp, € H**(T). SinceH,, = 0, the following
result follows from [7], although the definition of Hankel operators in the
two instances are completely different.

Proposition 7. Suppose> € L?“(T) and0 < a < 1. Then the following
conditions are equivalent.

(a) The operatorH,, is bounded orf7%*(T).
(b) The functionP, () is in W,,.
(c) The measure

[0l (1 = |2[*)' 7 dA(2)

is a Carleson measure fdif°(T).
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As a consequence, the two Hankel operatdysaind /7 are both bounded
if and only if the measure

[Ve(2)[*(1 = [2*) 7 dA(z)

is a Carleson measure féf>*(T). Similar results can be proved for the
compactness of Hankel operators using vanishing Carleson measures. We
leave the details to the interested reader.

More generally, for any fixed weight parameteand any positive integer
n > 1, we consider the space

L**(T") = L**(T) ® - - - ® L**(T)
and its holomorphic subspace
H**(T") = H**(T) ® - - - ® H**(T).

For simplicity of notation let” = P, ,, denote the orthogonal projection

P: L**(T") — H*>*(T").

Given a symbol functionp € L**(T™), we can use the projectiaf to

(densely) define a Toeplitz operator

T, : H**(T") — H>*(T")
and a Hankel operator

H,: H**(T") — L>*(T")

just as before. Although we do not have a characterization of symbols
that induce bounded Hankel operatorsi@h(T"), we can determine the
symbolsy that induce compact Hankel operatorsih®(T") whenn > 1.

Theorem 8. Suppose: > 1 andy € L*»*(T"). Then the following condi-
tions are equivalent.

(a) H, is compact onf{%*(T™).

(b) ¢ € H>**(T").

(c) H, = 0.

Proof. We have already shown how to prove the equivalence of (b) and (c),
and it is trivial that (c) implies (a). So it suffices for us to show that (a)
implies (b). Since this part of the proof is similar to that of Theorem 5, we
will be a little sketchy and leave the routine details to the interested reader.

Suppose
o(z) = Z a2’
J
is the Fourier expansion af, wherez € T" andJ = (ji, - - , jn) Funs over
all n-tuples of integers. The very definition @f(T") ensures that each
element of it has such a Fourier expansion]f is compact ori/»*(T"),
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then using the unitary actions induced by rotationdférwe can show that
H,, is compact onf{%*(T"), wherep;(z) = a;z’ is an arbitrary nonzero
term in the Fourier expansion gf The desired result then follows from the
first corollary to the proposition below. O

Proposition 9. Suppose: > 1 andp(z) = 2™ is a monomial (not neces-
sarily holomorphic) oril". Then the operatol’ = H} H, is diagonal with
respect to the natural basis:”/||27|| : J > 0} of H**(T"). Moreover, if
the eigenvalue df’ corresponding to the eigenvectof is denoted by ;,
then\; = 0 whenevern + J > 0, and

1 (e + gkl + 1"
= ,E ( Je +1 )
whenever some componentof+ J is negative.
Proof. We first show that the operator
T=HH,: H*>*(T") — H*>*(T")
is diagonal with respect to the natural basig&f(T"). For any holomor-
phic monomialz’ on T”, we have
Hy(2") = 2™ — p(z™).
There are two cases to considernif+ J > 0 (meaning that each of the
components of the-tuplem + J is nonnegative), then
Hy(27) = 2 = 2"t = 0
if at least one component ot + J is negative, then
P(z™) =0, H,(2") = 2™,

In particular, for any two different holomorphic monomiaté andz’" we
always have

<H¢(ZJ)7 Hw(zj/» =0.
Equivalently,(T(z7), z’") = 0whenever/ # .J'. Therefore is a diagonal
operator with respect to the natural basisf(T").
For any holomorphic” we write T'(z7) = X\;z’. If we take the inner
product with the vector’ on both sides of this equation, the result is

I1Ho (=712 = All27 1%
It follows that\; = 0 whenevem + J > 0, and

P il G (|mk+jk|+1>“
B = AN

whenever some componentiaf+ J is negative. O
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Corollary 10. If n > 1 andy(z) = 2™ is not holomorphic orT”, thenH,,
is not compact ori{ % (T™).

Proof. Without loss of generality we may assume that< 0. We consider
monomials of the formy;. By Proposition 9 above, the eigenvaluegof
H} H, corresponding to the eigenvectafsare given by

‘m2+j’+1 “ o
A = {— [Tl + 1)
Jj+1 h
#2

Regardless of the values aefandm, we always have

j—oo
This shows that the operatdrcannot be compact, because the eigenvalues
of a compact operator must converge to zero. O

Corollary 11. Suppose: = 1 and ¢(z) = 2™ is a monomial orl. If
m > 0, thenH, = 0; if m < 0, thenH,, is a finite rank operator whose
rank equalgm|.

Once again, we mention that for genesaandn > 1, we do not have
a characterization of symbols € L*>*(T") such thatH, is bounded on
H2’a<Tn>.
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