LIPSCHITZ TYPE CHARACTERIZATIONS
FOR BERGMAN SPACES

HASI WULAN AND KEHE ZHU

ABSTRACT. We obtain new characterizations for Bergman spaces with
standard weights in terms of Lipschitz type conditions in the Euclidean,
hyperbolic, and pseudo-hyperbolic metrics. As a consequence, we prove
optimal embedding theorems when an analytic function on the unit disk
is symmetrically lifted to the bidisk.

1. INTRODUCTION

Let D be the open unit disk in the complex plaBeFor anya > —1 we
consider the weighted area measure

dAy(2) = (a+1)(1 — |z[H)* dA(2),

wheredA is the normalized area measureldnlt is easy to see that each
dA, is a probability measure di.

Forp > 0 anda > —1 we denote by4? the space of analytic functions
fin D such that

/D|f(z)|p dA.(z) < 0.

These are called weighted Bergman spaces with standard weights. See [1]
and [6] for the modern theory of Bergman spaces.

Three different metrics on the unit disk will be used in the paper. First,
the usual Euclidean metric is of course written|as- w|. Second, the
pseudo-hyperbolic metric di is given by

Z—Ww

p(sz) =

1—2w
And finally, the hyperbolic metric oy is given by

L1+ p(z,w)

We mention that the hyperbolic metric is also called the Bergman metric,
and sometimes the Poincare metric as well.
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The main result of the paper is the following.

Theorem 1. Suppose > 0, « > —1, and f is analytic inD. Then the
following conditions are equivalent.

(a) f belongs toA?.

(b) There exists a continuous functignn L?(D, dA,) such that

£ (2) = f(w)] < p(z,w)(9(2) + g(w))

for all z andw in D.
(c) There exists a continuous functignn LP(D, dA,) such that

1f(2) = fw)| < B(z,w)(g(2) + g(w))

for all z andw in D.
(d) There exists a continuous functigrin L?(D, dA, ) such that

f(z) = f(w)] <[z = wl(g(2) + g(w))

for all z andw in D.

Note that the same measutd, appears in conditions (a), (b), and (c),
but condition (d) involves a different measuté,, . .

Similar characterizations for Hardy-Sobolev spaces have appeared in the
literature before. See [4][5] for example. The present paper was motivated
by [9]. As another motivation for our result, we mention that the classical
Bloch space3, consisting of analytic functiong in D such that

sup{(1 — |z]*)|f/(2)| : z € D} < oo,

also admits a Lipschitz type characterization. More specifically, an analytic
function f in D belongs to5 if and only if there exists a positive constant
C' such that

£ (2) = f(w)] < CB(z,w)
for all z andw in ID; see [6] or [12] for example. It is then clear that an

analytic functionf in D belongs taB if and only if there exists a continuous
functiong in L>°(D) such that

£ (2) = f(w)| < Bz, w)(g(2) + g(w))

for all z andw in D.

Since the Bergman metric is based on the reproducing kernel of the
Bergman space, it is no surprise that our Lipschitz type characterizations
for weighted Bergman spaces appear more natural when the Bergman met-
ric (and its bounded counterpart, the pseudo-hyperbolic metric) is used. Al-
thought a characterization in terms of the Euclidean metric (condition (d))
is possible, it gives one the impression of something artificial.
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2. PRELIMINARIES

We collect some preliminary results in this section that involve the hy-
perbolic and pseudo-hyperbolic metrics.
Forany0 < r < 1andz € D we let

D(z,r) ={weD: p(w,z) <r}
denote the pseudo-hyperbolic disk centered atith radiusr. It is well
known thatD(z, r) is actually a Euclidean disk with Euclidean center and
Euclidean radius given by
1—r? s 1— |z .
1—r2z]2 7 L—r2z]2 7
respectively; see [3] for example. In particular; ik fixed, then the area of
D(z,r) is comparable t¢1 — |z|?)2.
The pseudo-hyperbolic metric is boundedibyBut the hyperbolic metric
is unbounded. For ani > 0 andz € D we let

E(z,R)={weD: f(w,z2) < R}
denote the hyperbolic disk centerecd:awith radiusk. If 0 < r < 1 and
1+r
1—7’
then it is clear that’(z, R) = D(z,r). Consequently, if? is fixed, then the
area of E(z, R) is comparable t41 — |z|*)? as well. By the same token,

any estimate in terms of the pseudo-hyperbolic metric can be translated to
one in terms of the hyperbolic metric, and vise versa.

1
1) R = 3 log

Lemma 2. For any fixedr € (0, 1) there exists a positive constafitsuch
that )
C—l < 1-— |Z| <
|1 — Zw|
whenevemn(z, w) < r. Consequently, there exists a positive constant
such that

N 1— |z
< <
< T S C
whenevep(z, w) < r.
Proof. This is well known. See [6] or [12] for example. 4

Lemma 3. For any fixedr € (0,1) and there exists a positive constaiit
such that o

1) < = /D i)

forall z € D, all p > 0, and all analyticf in D.
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Proof. This is well known as well. See [6] or [12] for example. 0
Lemma 4. For any fixedz € D we have

i 2w _ o oplzw) 1

w—2z |Z—w| w—z |z—w[ 1—|Z|2
Proof. This follows from elementary calculations. O

Lemma 5. For anya > —1 andp > 0 there exists a constait > 0 such
that

[1r@raa <o |iror+ [l i)
D D
and
FOF + [ lo:IP dAu) <€ [ I dAu)
D D
for all analytic functionsf in D, where
g9(2) = (L= [2]) f'(2)
for z € D.
Proof. See [6] or [12] for example. O

3. THE MAIN RESULT

We now prove the main result of the paper. The proof is constructive in
the sense that we will actually produce a formula for the functidhat
appears in various conditions of Theorem 1. We prove Theorem 1 as three
separate results.

Theorem 6. Suppose > 0, « > —1, and f is analytic inD. Thenf € A?
if and only if there exists a continuous functigre L?(ID, dA, ) such that

(2) £ (2) = f(w)] < p(z,w)(9(2) + g(w))
for all z andw in D.
Proof. First assume that condition (2) holds. Then

- f(w)‘ < 2B (0 4 glw))

z—w ~ |z —w)
forall z # winD. Fixanyz € D, letw — 2, and use Lemma 4. We obtain
=1 () <29(2),  z€D.

Sinceg € L*(D, dA,), an application of Lemma 5 shows that A?.
Next assume that € A2. We are going to produce a continuous function
g that satisfies condition (2). To this end we fix a radiug (0,1) and
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consider any two pointsandw in D with p(z, w) < r. By the fundamental
theorem of calculus,

1
f(z) = fw) =(z— w)/o f(tz 4+ (1 = tyw) dt.
Sincez andw are points in the convex séx(z, r), we see that
tz+ (1 —t)w € D(z,71)
forall ¢ € [0, 1]. It follows that
1f(2) = f(w)| < [z — w[sup{|f'(u)| : v € D(z,7)}.

By Lemma 2, there exists a positive constafthat only depends onsuch
that

|f(2) — f(w)| < p(z,w)h(2),
where
h(z) = Csup{(1 — |ul|®)|f'(u)| : v € D(z,7)}, z € D.
Obviously, we also have
|f(z) = f(w)] < p(z,w)(h(2) + h(w)),

provided thafp(z, w) < r.
If p(z,w) > r, then clearly

) = F)] < LE (15 + 1 £w))).

r

If we define
— + h(z), zeD,
then we have

£ (2) = f(w)] < p(z,w)(g(2) + g(w))
for all z andw in D.

It is clear that the functiol above is continuous di. It remains for us
to show thaty € L?(D, dA,). Sincef is already inL*(D, dA,,), it suffices
for us to show that € LP(D, dA,).

Recall that ifr and R are related as in (1), theP(z,r) = E(z, R).
So we can choosg € (0,1) so thatD(z,r") = E(z,2R) for all z € D.
By the triangle inequality for the Bergman metyicwe haveFE (u, R) C
E(z,2R)wheneven € E(z, R). Equivalently, we hav®(u,r) C D(z,1")
whenever, € D(z,r). It follows from this and Lemma 3 that there exists a
constant”' > 0 that only depends onsuch that

P L "(w)|P w
WeY < o L W)
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for all z € D. If we usey. to denote the characteristic function of the set
D(z,7"), then clearlyy.(w) = x.(2), and

C e
W/Dﬁ(wﬂxz( ) dA(w)

for all z € D. Writing C; = (o« + 1)C/7 and using Fubini’s theorem, we
obtain

/D W2 dAa(z) < O / (1 2P+ dA(2) / £ ()[Pxa (w) dA(w)
e / ()P dA(w) / (1= |22 (2) dA(2)
= (O "(w) P dA(w 1 — 222 dA(2).

[ireras| - prre-tac)

Combining this with Lemma 2 and the fact that the are®0#, »’) is com-
parable to1 — |w|?)?, we obtain another positive constarit, which only
depends o andr, such that

/Dh(z)pdfla(Z) < Cz/ﬂ)lf’(w)lp(l — [w*)"" dA(w).

In view of Lemma 5, this shows that € L?(D,dA,) and completes the
proof of Theorem 6. O

h(z)P <

Theorem 7. Suppose > 0, « > —1, and f is analytic inD. Thenf € A?

if and only if there exists a continuous functigre L?(D, dA,,) such that

3) 1f(2) = fw)] < B(z,w)(g(2) + g(w))

for all z andw in D.

Proof. If condition (3) is satisfied, we divide both sides of (3) ay— w|

and, with the help of Lemma 4, take the limit@as— z. The result is
L= PMIf'(2) <29(2), z€D.

This along with Lemma 5 shows th#te A?.

If f € AP, then by Theorem 6, there exists a continuous funciion
LP(D, dA,) such that condition (2) holds. Sinpéz, w) < ((z,w) for all z
andw in D, the same functiop also satisfies condition (3). This completes
the proof of Theorem 7. O

Theorem 8. Suppose > 0, a« > —1, and f is analytic inD. Thenf € A?
if and only if there exists a continuous functigre L?(D, dA,,) such that

(4) £ (2) = fw)] < [z = wl(g(2) + g(w))

for all z andw in D.
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Proof. If condition (4) holds, we divide both sides of (4) by—w| and take
the limit asw — z. The resultig f'(2)| < 2¢(z), so that

(L= [zP)If ()] < 2(1 = [2[")g(2)

for all z € D. Sinceg € L?(D, dA,+,), we see that the function

(1 =12 f'(2)

belongs toL?(D, dA,,), which, according to Lemma 5, means tliat A?.
If f € AP, then by Theorem 6, there exists a continuous function
LP(D, dA,) such that

£ (2) = fw)] < p(z,w)(h(2) + h(w))

for all z andw in D. Rewrite this as
|f(2) = f(w)] <]z —w

and apply the triangle inequalities

h(z) h(w)
1—zw| |1—zw|]|’

N—zwl>1-1z], |1-2zw|l>1-uw|.
We obtain
1f(z) = f(w)] <[z —wl(9(2) +g(w)),  zweD

where
h(z) 2h(z)
9 =T ST
Sinceh € L*(D,dA,), we haveg € LP(D,dA,.,). This completes the
proof of Theorem 8. O

4. LIFTING FUNCTIONS FROM THE DISK TO THE BIDISK

LetD? = D x D denote the bidisk iC? and letH (D?) denote the space
of all holomorphic functions irD?. Similarly, H(D) is the space of all
analytic functions inD. Forp > 0 anda > —1 we defineA? (D?) as the
space of functiong € H(D?) such that

/D/D|f(27w)|pd,4a(z)d14a(w) < .

These are also called weighted Bergman spaces.

In this section we present an application of our main theorem to the prob-
lem of lifting analytic functions from the unit disk to the bidisk. Thus we
consider the symmetric lifting operator

L: H(D) — H(D?)
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defined by

L(f)(ew) = 12N

We will also need the associated diagonal operator
A : H(D?*) — H(D)
which is defined by
A(f)(z) = f(z,2).
The action of the diagonal operator on Hardy and Bergman spaces of the

polydisk has been studied by several authors. See [2] [7][10][11]. In partic-
ular, the diagonal operator has the following property.

Lemma 9. Suppose > 0 anda > —1. Then the operatoA mapsA? (D?)
boundedly ontod?, . (D).

2(a+1)

Proof. See [10] or [11]. O

The following standard estimate will be needed in the proof of our lifting
theorems.

Lemma 10. Suppose > —1, ¢ is real, and

’1 _ Ew|2+s+t )

ThenI(z) is bounded inD whenever < 0; and I(z) is bounded by1 —
|2]?)~* whenevet > 0.

Proof. See [6] or [12]. O
We now obtain the first lifting theorem.

Theorem 11. Supposer > —1 and0 < p < a + 2. Then the symmetric
lifting operator L. mapsA? (D) boundedly intoA? (D?). Moreover, this is
no longer true whemp > o + 2.

Proof. Given f € A2(ID), we apply Theorem 6 to find a function €
LP(D, dA,) such that condition (2) holds. Then there exists a constaat
C, such that

(5) L(f) (5 w) < C [
It follows that

| [ 1o dan) dduw) < 20 [ g dane

e ]

1 —Zwl|p |1 —zwP

dAq(w)

p |1 —ZwpP’



BERGMAN SPACES 9

Whenp < 2+a, an application of Lemma 10 shows that there exists another
constantC' > 0 such that

| [ G0 daa) daatw) <€ [ glorddue)
DJD D
This shows thaf. mapsA? (D) into A?(D?). A standard argument based
on the closed graph theorem then shows that the operator
L : AP (D) — AP (D?)
must be bounded.
On the other hand, let us suppose that
L : AP(D) — AP (D?)

is bounded. Then by Lemma 9, the operaidor= A o L mapsA? (D)
boundedly intoA’Q’(aH)(]D)). It is easy to see thabf = f’. Therefore,
f € A2 (D) would imply that

/‘1—z| ’pdA2a+1 »(2) < 00,

which, according to Lemma 5, is a condition that is strictly stronger than
f € A2 (D) whenp > 2 + «. So our lifting theorem cannot possibly hold
forp > 2+ a. O

We mention that the cage= 2 + « is not covered by the above result.
Whena = 0, we can show by Taylor expansion that the operdtaloes
not mapA?(D) into A%(D?) (these are the unweighted Bergman spaces). In
fact, if

is a function inA%(D), then

[ @R dac) Z'“’“'z-

On the other hand,

0 Zk o wk oo
L(f)(z,w):Zak P :Zak 2w
k=0 k=1 itj=k-1

and fork # m, the homogeneous polynomials

E Z'w, E z'w?,

i+j=k—1 itj=m—1
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are orthogonal with respect to the measudrz)dA(w) on D?. So the
integral

1= [ [ wP dae) daw)

can be computed as follows.
2w’

I - Z|ak|2//
k=1 i+j=k—1

9 1
-2 2 ey

k=1 i+j=k—1

e 1 1
- Zk:+1 Z_ L’Hfﬁ}

dA(z) dA(w)

~ [ 110 5 dA).
D 1— 2]

This shows that the integrdl is not necessarily finite, so the symmetric
lifting operatorL does not mapi?(D) into A%(D?).
The following result tells us what happens wher o + 2.

Theorem 12. Supposer > —1, p > a + 2, andj is determined by
26+1)=p+a.
Then the symmetric lifting operatérmapsA?, (D) boundedly intoA?, (D?).

Proof. Given f € Ar (D), we once again appeal to Theorem 6 to obtain a
functiong € L?(D, dA,) such that condition (5) holds. We then have

//\L (z,w)[" dAg(z) dAg(w <20/ 2P dAs(2 dAs(w)

b |1 —zwlp’
Sincep + a = 2(8 + 1) andp > « + 2, we must haves > —1 andg > a.
We write the inner integral above as

1) [ A lBP i)

|1 — Zw[2HE+ ()
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and apply Lemma 10 to find another positive const@isuch that

| [ @G das) dasw) < € [ g dnatz)
DJD D
This along with the closed graph theorem proves the desired resultl]

Once again, with the help of Lemmas 9 and 5, we can check that the
lifting effect of L guaranteed by Theorem 12 is best possible.

5. GENERALIZATION TO THE UNIT BALL

In this section we explain how to generalize our main result to the context
of the unit ball inC". Thus we let

B,={z€C":|z| <1}
denote the open unit ball i6"”. Fora > —1 let
dve(2) = co(1 — |2*)* dv(2),
wheredv is normalized volume measure @) andc, is a positive normal-

izing constant so that,(B,,) = 1.

Forp > 0anda > —1 let

AP(B,,) = LP(B,,dv,) N H(B,)

denote the weighted Bergman spaces, wit&{B,, ) is the space of all holo-
morphic functions irB,,. See [12] for basic properties of these spaces.

For anya € B, there exists a biholomorphic map, on B,, such that
©0.(0) = a andy,;! = p,. These are sometimes called symmetrices (or
involutive automorphisms) db,,. Explicit formulas are available fap,,;
see [8] or [12].

It is well known that the Bergman metric d#, induces the following
distance:

It follows that

p(z,w) = [ (w)]
is also a distance function @),. We shall also calb the pseudo-hyperbolic
metric onB,,. The Euclidean metric oB,, is still denoted byz — w|.

Theorem 13. Suppose > 0, > —1,andf € H(B,). Then the following
conditions are equivalent.
(a) f belongs ta4? (B,,).
(b) There exists a continuous functigre L*(B,,, dv, ) such that
£ (2) = f(w)] < p(z,w)(g(2) + g(w))

forall zandw in B,,.
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(c) There exists a continuous functigre L?(B,,, dv,) such that

|f(z) = f(w)] < B(z,w)(9(2) + g(w))
forall z andw in B,,.
(d) There exists a continuous functigre L?(B,,, dv,.,) such that

f(z) = f(w)] <[z = wl(g(2) + g(w))

forall z andw in B,,.

The proof follows the same ideas used in the proof of Theorems 6, 7, and
8. Lemmas 2 holds for the ball without any change; see [12].

The only change needed in Lemma 3 is the expenerit -f|z|?. In
the context of3,,, it should be(1 — |2]?)"™! instead of(1 — |2|?)?; see [12].
Similarly, the volume ofD(z, ) (or E(z, R)) is comparable t¢1 — |z|?)"!
whenever- (or R) is fixed.

Lemmas 4 and 5 need to be modified substantially before they can be
used. These are the contents of the next two lemmas. But first, we recall
three useful notations of differentiation),.

Givenf € H(B,,), we write

and call it the radial derivative of at z. In fact, Rf(z) is the directional
derivative off at z in the radial direction (that is, the direction i

_ o f(2) = f(2)
Rf(z) = lim =,
wheret is a scalar.
The complex gradient of at = is defined by

n af 2 1/2
WWW{;gﬁﬁl-
And the invariant complex gradient ¢gfat z is given by

Vi) =[V(for)O), z€B,
We can now state the analogs of Lemmas 4 and 5 that will suit our needs.

Lemma 14. Suppose € B, andw = tz, wheret is a scalar. Then
popw) L Bew) 1

woz |z —w| o w—zlz—w] 12

Proof. This follows from the explicit formulas fop, given in [8] and [12].
O
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Lemma 15. Suppose > 0, a > —1,and f € H(B,,). Then the following
conditions are equivalent.

(@) The functionf isin A2 (BB,,).

(b) The function(1 — |z|?)Rf(z) isin LP(B,,, dv,,).

(c) The function1 — |z|*)|V f(2)| isin LP(B,,, dv,).

(d) The functionV f(z)| is in L?(B,,, dv,,).

Proof. See [12]. O

We can now outline the proof of Theorem 13.
First assume that there exists a continuous fungtien’”(B,,, dv,) such
that

(6) £ (2) = f(w)] < p(z,w)(g(2) + g(w))

for all z andw in B,,. We then fixz in B,, and letw = ¢z, wheret is a scalar.

Then
(&) = )] p5w) oy 4 )
|z — w| T [z —w

for all z # w in B,,. Letw approach: in the radial direction and apply
Lemma 14. We obtain

(1= [zP)Rf(2)] < 29(2)
for all z € B,,. According to Lemma 15, this is the samefas A?(B,,).
On the other hand, for any holomorphic functipim B,, and any: € B,,,

we have
f(z) = £(0) = / [Z ij—i<tz>l dt.

k=1
It follows that for p(z,0) < r, wherer € (0,1) is any fixed radius in the
pseudo-hyperbolic metric, we have

£ (2) = fO)] < |z] [sup{ |V f(w)| : w € D(0,r)}.
Itis easy to see that in the relatively compacti3éd, r) the Euclidean met-
ric is comparable to the pseudo-hyperbolic metric (as well as the Bergman
metric 8). It is also easy to see thg¥ f(w)| is comparable tdV f(w)] in
the relatively compact sdP(0,r). So we can find a constaat > 0, that
depends om but not onf, such that

|£(2) = £(0)] < Cp(z,0) sup{|V f(w)| : w € D(0, )}

forall z € D(0,r). Replacef by f o ¢, then replace by ¢.,(z), and use
the Mobius invariance of the pseudo-hyperbolic metric and the invariant
gradient. We obtain

f(2) = fw)] < Cp(z,w)sup{|V f(u)| : u € D(z,7)}
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for all z andw in B,, with p(z,w) < r. Let

z
gt2) = O
Then it is clear that condition (6) is satisfied, and just like in the proof of
Theorem 6g € L*(B,,, dv,).
So conditions (a) and (b) are equivalent in Theorem 13.
If condition (b) holds in Theorem 13, then condition (c) holds for the
same functiory, because < (. If condition (c) holds, then an application
of Lemma 14 shows that

(1= [zP)Rf(2)] < 29(2)
for all z € B,,, which, according to Lemma 15, implies that condition (a).
Therefore, conditions (a), (b), and (c) are all equivalent.
Now let us assume that condition (d) holds, so there exists a continuous
functiong in L?(B,,, dv,+,) such that

+ Csup{|Vf(u)| : u € D(z,7)}.

(7 |f(z) = fw)] <[z —wl(g(z) + g(w))
for all z andw in B,,. Rewrite this as
|f(z) = f(w)]

L < )+ o)

and letw approachz in the direction of a complex coordinate axis. We
obtain
of

8zk

(2)' < 2¢(z), 1 <k<n,

so that

IVf(2)] < 2v/ng(2)
for all z € B,,. This together with the assumption that L?(B,,, dv,:)
shows that the functioil — |z|?)|V f(2)| is in L?(B,,, dv,). In view of
Lemma 15, this is the same #isc A (B,,). So condition (d) implies (a) in
Theorem 13.

Finally let us assume that condition (b) holds in Theorem 13. It follows

from the well-known identity (see [8] or [12])

(1= =) — wp)

1= Jp.(w)]* =
2Ll =
that
pew [z = wf (e w) — |2 Pluf
P T Pl ()P

By the triangle inequality for the natural inner productGfi, we always
have
(2, w)]* < [2*[w]?.
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We deduce that

R il
P S T )

for all z andw in B,,. Just like in the proof of Theorem 8, this along with
condition (b) implies the existence of a continuous funcgan the space
LP(B,,, dv,+) such that condition (7) holds. So condition (b) implies (d),
and the proof of Theorem 13 is complete.

Although we have not checked whether the function

|z — w|
d(z,w) = ——— 21 B,,
(z,w) T-Gw) zZ,w €

defines a metric of$,,, it is clear by now that the pseudo-hyperbolic metric
p used in Theorem 13 can be replaceddbyn other words, a holomorphic
function f in B,, belongs to the Bergman spadé(BB,,) if and only if there
exists a continuous functiope L*(B,, dv,,) such that

£ (2) = f(w)] < d(z,w)(g(2) + g(w))

for all z andw in B,,.
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