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ABSTRACT. It is well known that, for1 ≤ p < ∞, the diagonal Besov
spaceBp of the open unit ball admits a norm or semi-norm‖ ‖p such
that‖f ◦ ϕ‖p = ‖f‖p for all f in Bp and all automorphismsϕ of the
unit ball. We show here that the same result holds when0 < p < 1.

1. INTRODUCTION

Throughout the paper we fix a positive integern and let

Cn = C× · · · × C
denote then-dimensional complex Euclidean space. Forz = (z1, · · · , zn)
andw = (w1, · · · , wn) in Cn we write

〈z, w〉 = z1w1 + · · · znwn

and
|z| =

√
|z1|2 + · · ·+ |zn|2 =

√
〈z, z〉.

The open unit ball inCn is the set

Bn = {z ∈ Cn : |z| < 1}.
We useAut(Bn) to denote the group of all automorphisms, or biholomor-
phic maps, ofBn.

Suppose0 < p < ∞ andN is a positive integer such thatNp > n. The
(diagonal) Besov spaceBp consists of holomorphic functionsf in Bn such
that the functions

(1− |z|2)N∂αf(z), |α| = N,

all belong toLp(Bn, dλ), where

α = (α1, · · · , αn)

is a multi-index of nonnegative integers,

|α| = α1 + · · ·+ αn

is the size ofα,

∂αf(z) =
∂αf

∂zα
(z) =

∂|α|f

∂zα1
1 · · · ∂zαn

n

(z)

1
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is a mixed partial derivative, and

dλ(z) =
dv(z)

(1− |z|2)n+1

is the Möbius invariant measure onBn. Here we usedv to denote volume
measure onBn normalized so that thatv(Bn) = 1.

It is well known that the above definition ofBp is independent of the
choice ofN ; see Section 6.1 of [3]. In what follows we fix a positive integer
N such thatNp > n and define a “norm” onBp as follows:

‖f‖p =
∑
|α|<N

∣∣∣∣∂αf

∂zα
(0)

∣∣∣∣ +
∑
|α|=N

[∫
Bn

∣∣(1− |z|2)N∂αf(z)
∣∣p dλ(z)

]1/p

.

Of course, when0 < p < 1, ‖f‖p is not really a norm;Bp is a complete
metric space in this case.

The main result of the paper is the following.

Theorem 1. For any0 < p ≤ 1 there exists a positive constantC > 0 such
that‖f ◦ ϕ‖p ≤ C‖f‖p for all f ∈ Bp andϕ ∈ Aut(Bn).

The constantC above depends onp, n, andN , but is independent off
andϕ. It follows that

‖f‖p′ = sup{‖f ◦ ϕ‖p : ϕ ∈ Aut(Bn)}

defines a M̈obius invariant “norm” onBp, 0 < p ≤ 1, in the sense that
‖f ◦ ϕ‖p′ = ‖f‖p′ for all f ∈ Bp andϕ ∈ Aut(Bn).

When1 < p < ∞, there exist unbounded functions inBp. Therefore,
the above theorem cannot possibly hold forBp whenp > 1 (because of the
presence of the term|f(0)| in the definition of‖f‖p). However, everyBp,
p > 1, admits a M̈obius invariant semi-norm; see [1] and [3].

2. THE AUTOMORPHISM GROUP

In this section we gather some information concerning the automorphism
groupAut(Bn) that is necessary for the proof of the main theorem.

Every unitary transformationU of Cn, or equivalently, every unitary ma-
trix U , is clearly an automorphism ofBn. It is well known that the volume
measuredv is invariant under the action of unitary transformations, that is,

(1)
∫

Bn

f(Uz) dv(z) =

∫
Bn

f(z) dv(z)

wheneverf ∈ L1(Bn, dv).
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Lemma 2. Suppose0 < p ≤ 1 and α′ is a multi-index of nonnegative
integers with sizeN . Then

|∂α′
(f(Uz))|p ≤ nN

∑
|α|=N

|(∂αf)(Uz)|p

for all f holomorphic inBn and all unitary transformationsU in Aut(Bn).

Proof. For a unitary matrixU = (uij) and holomorphicf letg(z) = f(Uz).
Then by the chain rule, we have

∂g

∂zn1

(z) =
n∑

j1=1

∂f

∂zj1

(Uz)uj1,n1 ,

and
∂2g

∂zn1∂zn2

(z) =
n∑

j1=1

n∑
j2=1

∂2f

∂zj1zj2

(Uz)uj1,n1uj2,n2 .

More generally,

∂Ng

∂zn1 · · · ∂znN

(z) =
n∑
j1

· · ·
n∑

jN=1

∂Nf

∂zj1 · · · ∂zjN

(Uz)uj1,n1 · · ·ujN ,nN
.

Since each entryuij of a unitary matrix has modulus less than or equal to1,
and since ∣∣∣∣ ∂Nf

∂zj1 · · · ∂zjN

(Uz)

∣∣∣∣p ≤ ∑
|α|=N

|(∂αf)(Uz)|p

for any choice ofj1, j2, · · · , jN , the desired result is then a consequence of
Hölder’s inequality. �

Combining Lemma 2 and (1), we obtain the following.

Lemma 3. If 0 < p ≤ 1, f is holomorphic inBn, and U is a unitary
transformation, then‖f ◦ U‖p ≤ C‖f‖p, whereC is a positive constant
independent off andU .

Another class of automorphisms, called involutions, can be defined ex-
plicitly. Thus for every pointa ∈ Bn, a 6= 0, we define

ϕa(z) =
a− Pa(z)−

√
1− |a|2 Qa(z)

1− 〈z, a〉
, z ∈ Bn,

where

Pa(z) =
〈z, a〉
|a|2

a, z ∈ Cn,
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is the orthogonal projection fromCn onto the one-dimensional subspace[a]
generated bya, andQa(z) = z − Pa(z) is the orthogonal projection from
Cn onto [a]⊥. Whena = 0, we simply defineϕa(z) = −z.

It is well known that eachϕa is an automorphism ofBn. Furthermore,ϕa

has the properties that

(2) ϕa(0) = a, ϕa(a) = 0, ϕa ◦ ϕa(z) = z,

and

(3) 1− 〈ϕa(z), ϕa(w)〉 =
(1− |a|2)(1− 〈z, w〉)

(1− 〈z, a〉)(1− 〈a, w〉)
,

wherez andw are arbitrary points inBn. See [2] or [3].
If ϕ is any automorphism ofBn anda = ϕ(0), then the automorphism

ϕa ◦ ϕ fixes the origin and hence must be a unitary transformation (by a
classical theorem of Cartan; see [2] or [3]). This shows thatϕ = ϕa ◦ U
for somea ∈ Bn and some unitaryU . A similar argument shows that every
ϕ ∈ Aut(Bn) can be written asV ◦ ϕb for someb ∈ Bn and some unitary
V . We summarize this analysis as the following.

Lemma 4. Everyϕ ∈ Aut(Bn) can be written as

ϕ = ϕa ◦ U = V ◦ ϕb,

whereU andV are unitary transformations,a = ϕ(0), andϕ(b) = 0.

The following result gives an even more detailed decomposition for au-
tomorphisms.

Lemma 5. Every automorphismϕ of Bn can be decomposed into the form

ϕ = U ◦ ϕa ◦ V,

whereU andV are unitary transformations, anda = (r, 0, · · · , 0) for some
r ∈ [0, 1).

Proof. Fix an automorphismϕ ∈ Aut(Bn) and choose a unitary transfor-
mationU such thatU(a) = ϕ(0), wherea = (r, 0, · · · , 0) andr = |ϕ(0)|.
This is possible, because the unitary group is transitive on any sphere cen-
tered at the origin. Since

ϕa ◦ U−1 ◦ ϕ(0) = 0,

an application of Lemma 4 shows that there exists a unitary transformation
V such that

ϕa ◦ U−1 ◦ ϕ = V,

or
ϕ = U ◦ ϕa ◦ V,

completing the proof of the lemma. �
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3. MÖBIUS INVARIANCE OF Bp

Let Mn be the dimensional constant defined byMn = 1 for n = 1 and
Mn = 2n for n > 1. The Möbius invariance ofBp exhibits a subtle differ-
ence whenp crosses this constant.

Whenp > Mn, the Besov spaceBp can be given an explicit M̈obius
invariant semi-norm: [∫

Bn

|∇̃f(z)|p dλ(z)

]1/p

,

where|∇̃f(z)| is the Möbius invariant complex gradient off at z. This
integral diverges forp ≤ Mn unlessf is constant. See Section 6.3 of [3].

Whenp = 2, the Dirichlet type spaceB2 admits the following M̈obius
invariant semi-inner product:

〈f, g〉 =
∑

α

|α| α!

|α|!
aαbα,

whereaα andbα are the Taylor coefficients off andg, respectively, and
α! = α1! · · ·αn!. See Section 6.4 of [3].

Whenp = 1, the spaceB1 consists exactly of functions of the form

(4) f(z) = c0 +
∞∑

k=1

ckfk(z),

where{ck} ∈ l1 andfk are coordinate functions of automorphisms. More-
over,

‖f‖m = inf
∞∑

k=0

|ck|,

where the infimum is taken over all{ck} satisfying (4), defines a M̈obius
invariant norm (not just a semi-norm) onB1. See Section 6.2 of [3].

More generally, for anyp ∈ (1,∞), the Möbius invariance ofBp follows
from complex interpolation betweenB1 andBq, whereq > max(p, Mn).
See [1] or [3].

We proceed to show thatBp is also M̈obius invariant when0 < p < 1.
The following integral estimate will be essential for us.

Lemma 6. For s > −1 andt real the integral

I(z) =

∫
Bn

(1− |w|2)s dv(w)

|1− 〈z, w〉|n+1+s+t

has the following asymptotic properties as|z| → 1−.

(a) If t > 0, thenI(z) is bounded.
(b) If t = 0, thenI(z) is comparable to− log(1− |z|2).
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(c) If t > 0, thenI(z) is comparable to(1− |z|2)−t.

Proof. See Proposition 1.4.10 of [2]. �

The key ingredient in our proof is the following atomic decomposition
for functions in Besov spaces.

Lemma 7. For any0 < p < ∞ andb > max(0, n(p− 1)/p) there exists a
sequence{ak} in Bn such thatBp consists exactly of functions of the form

(5) f(z) =
∞∑

k=1

ck

(
1− |ak|2

1− 〈z, ak〉

)b

,

where{ck} ∈ lp. Moreover,‖f‖p
p is equivalent to

inf
∞∑

k=1

|ck|p,

where the infimum is taken over all sequences{ck} satisfying (5).

Proof. See Section 6.1 of [3]. �

Let H∞ be the space of bounded holomorphic functions inBn equipped
with the sup-norm‖f‖∞.

Lemma 8. If 0 < p ≤ 1, thenBp is continuously contained inH∞.

Proof. If 0 < p ≤ 1, then Ḧolder’s inequality shows thatlp is continuously
contained inl1. Since each function

fk(z) =

(
1− |ak|2

1− 〈z, ak〉

)b

has sup-norm less than or equal to2b, the desired result then follows from
Lemma 7. �

The above proof actually shows thatBp, when0 < p ≤ 1, is continuously
contained in the disk algebra.

We can now prove Theorem 1, the main result of the paper.
Fix a functionf ∈ Bp, where0 < p ≤ 1. By Lemma 8, there exists a

constantC1 > 0 such that

sup{|f ◦ ϕ(z)| : z ∈ Bn, ϕ ∈ Aut(Bn)} = ‖f‖∞ ≤ C1‖f‖p.

Combining this with Cauchy’s estimates, we can find a constantC2 > 0
such that

(6)
∑
|α|<N

|∂m(f ◦ ϕ)(0)|p ≤ C2‖f‖p

for all ϕ ∈ Aut(Bn).
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By Lemma 7 (withb = 1), there exists a sequence{ak} in Bn and a
sequence{ck} in lp such that

f(z) =
∞∑

k=1

ck
1− |ak|2

1− 〈z, ak〉
,

where

(7)
∞∑

k=1

|ck|p ≤ C3‖f‖p
p,

andC3 is a positive constant independent off and{ck}. Since0 < p ≤ 1,
it follows from Hölder’s inequality that the integral∫

Bn

∣∣(1− |z|2)N∂α(f ◦ ϕ)(z)
∣∣p dλ(z)

is less than or equal to
∞∑

k=1

|ck|p
∫

Bn

∣∣(1− |z|2)N∂α(fk ◦ ϕ)(z)
∣∣p dλ(z),

whereα is a multi-index with sizeN and

fk(z) =
1− |ak|2

1− 〈z, ak〉
= 1− 〈ϕak

(z), ak〉, z ∈ Bn.

Note that the last equality above follows from (3).
By Lemma 4, we haveϕak

◦ ϕ = Uk ◦ ϕa′
k
, whereUk is a unitary trans-

formation anda′k = ϕ−1(ak). It follows that

fk ◦ ϕ(z) = 1− 〈ϕa′
k
(z), b′k〉,

whereb′k = U∗
k (ak).

Foru andv in Bn we consider the function

fu,v(z) = 1− 〈ϕu(z), v〉, z ∈ Bn.

The proof of the theorem will be complete if we can show that there exists
a constantC4 > 0, independent ofu andv, such that

(8)
∫

Bn

∣∣(1− |z|2)N∂αfu,v(z)
∣∣p dλ(z) ≤ C4

for all u andv in Bn and allα with |α| = N .
Apply Lemma 5 to the automorphismϕu and then use Lemma 3. We

conclude that it suffices to prove (8) under the additional assumption that
u = (r, 0, · · · , 0), where0 ≤ r < 1. In this case, we have

ϕu(z) =

(
r − z1

1− rz1

,−
√

1− r2

1− rz1

z2, · · · ,−
√

1− r2

1− rz1

zn

)
,
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and so

fu,v(z) = 1− v1
r − z1

1− rz1

+ v2

√
1− r2

1− rz1

z2 + · · ·+ vn

√
1− r2

1− rz1

zn,

where(v1, · · · , vn) = v.
Consider a mixed partial derivative∂α(fu,v)(z), where|α| = N . It is

clear that this partial derivative is zero when

|α2|+ · · ·+ |αn| > 1.

Therefore, we can assume that at most one of the numbers in{α2, · · · , αn}
is 1 and the rest are all0. There are two cases to consider.

The first case is whenα2 = · · · = αn = 0. Then it is easy to check that

∂α(fu,v)(z) =
∂Nfu,v

∂zN
1

(z) =
N !rN−1

(1− rz1)N+1
〈w, v〉,

where
w = (1− r2, r

√
1− r2 z2, · · · , r

√
1− r2 zn).

Since

|w|2 = (1−r2)2 +r2(1−r2)(|z|2−|z1|2) ≤ (1−r2)2 +(1−r2)(1−|z1|2),
an application of the Cauchy-Schwarz inequality followed by Hölder’s in-
equality gives

(9) |∂α(fu,v)(z)| ≤ N !
1− r2 +

√
1− r2

√
1− |z1|2

|1− rz1|N+1
.

Writing rz1 as the inner product ofz with (r, 0, · · · , 0) and applying part
(c) of Lemma 6, we see that∫

Bn

(
(1− r2)(1− |z|2)N

|1− rz1|N+1

)p

dλ(z)

is a bounded function ofr. A similar estimate works for the second term on
the right hand side of (9), after we make use of the fact that

1− |z1|2 ≤ 2|1− rz1|.
This proves the inequality (8) whenαk = 0 for 2 ≤ k ≤ n.

The second case is when exactly one of the integers in{α2, · · · , αn}, say
αk, is 1 and the rest are all0. In this case, we have

∂α(fu,v)(z) = (N − 1)!vkr
N−1

√
1− r2

(1− rz1)N
.

By part (b) of Lemma 6, the integral∫
Bn

( √
1− r2

|1− rz1|N
(1− |z|2)N

)p

dλ(z)
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is dominated by

(1− r2)p/2 log
2

1− r2
,

which is clearly a bounded function ofr ∈ [0, 1).
This completes the proof of Theorem 1.
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