THE M OBIUS INVARIANCE OF BESOV SPACES
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KEHE ZHU

ABSTRACT. Itis well known that, forl < p < oo, the diagonal Besov
spaceB, of the open unit ball admits a norm or semi-nofinfj,, such
that || f o ¢|l, = ||f]l, for all fin B, and all automorphismg of the
unit ball. We show here that the same result holds whenp < 1.

1. INTRODUCTION
Throughout the paper we fix a positive integeand let
C"=Cx---xC

denote the:-dimensional complex Euclidean space. Eoe (zq,- -, 2,)
andw = (wy, -+ ,w,) in C™ we write

(z,w) = 21071 + -+ 2, Wy,

and

ol = VIaP - Tl = V).
The open unit ball irC" is the set
B,={:€C":|z| <1}

We useAut(B,,) to denote the group of all automorphisms, or biholomor-
phic maps, of3,,.

Supposé < p < oo andN is a positive integer such thatp > n. The
(diagonal) Besov spacB, consists of holomorphic functionsin B,, such
that the functions

(L =[)Y0f(2), la| =N,
all belong toL?(B,,, d\), where
a=(ar, o)
is a multi-index of nonnegative integers,
lal =1+ + oy,
is the size oty,
oo f olel f

= o) = g )
1

9°f(2)
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is a mixed partial derivative, and

dv(z)
([P

is the Mbdbius invariant measure db,. Here we uselv to denote volume
measure ofB,, normalized so that that(B,,) = 1.

It is well known that the above definition dB, is independent of the
choice ofN; see Section 6.1 of [3]. In what follows we fix a positive integer
N such thatNp > n and define a “norm” o3, as follows:

o » 1/p
1l =" azf ‘ U\ Vo f ()" dN2)|
loe|=N

|| <N
Of course, wher) < p < 1, || f]|, is not really a norm;B, is a complete
metric space in this case.
The main result of the paper is the following.

d\(z) =

Theorem 1. For any0 < p < 1 there exists a positive constatit> 0 such
that||f o ||, < C| f|l, forall f € B, andy € Aut(B,).

The constant’ above depends gn n, and N, but is independent of
ando. It follows that

£l = sup{[lf o ¢l - ¢ € Aut(B,)}

defines a Mdbius invariant “norm” onB,, 0 < p < 1, in the sense that
If o el = [I£], forall f € B, andy € Aut(B,).

Whenl < p < oo, there exist unbounded functions B),. Therefore,
the above theorem cannot possibly hold Byrwhenp > 1 (because of the
presence of the termy (0)| in the definition of|| f||,). However, everyB,,
p > 1, admits a Mbbius invariant semi-norm; see [1] and [3].

2. THE AUTOMORPHISM GROUP

In this section we gather some information concerning the automorphism
groupAut(B,,) that is necessary for the proof of the main theorem.

Every unitary transformatiofr of C", or equivalently, every unitary ma-
trix U, is clearly an automorphism &, . It is well known that the volume
measurelv is invariant under the action of unitary transformations, that is,

(1) fUz)dv(z) = ] f(z) dv(z)

By

wheneverf € L'(B,, dv).
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Lemma 2. Suppose) < p < 1 and <’ is a multi-index of nonnegative
integers with sizeéV. Then

Y (fU2)P <™ > (0N (U2)P
ja|=N

for all f holomorphic inB,, and all unitary transformation#’ in Aut(B,,).

Proof. For a unitary matriXy = (u;;) and holomorphi¢f letg(z) = f(U=z).
Then by the chain rule, we have
Jdg o Of
aznl (Z) -

and

829 n n a2f
aznlaznz (Z> - Z Z 8Zj12j2 <Uz)uj1’n1uj27n2~

More generally,

oMNg = a oNf
(2) = Z .. Z az—(Uz)ujm1 S Uy -

aznl T aan g1t aZJ'N

Since each entry,; of a unitary matrix has modulus less than or equdl,to
and since
oNf

azjl o 'aZjN (UZ)

p
< Y @ HUP
la|=N
for any choice ofjy, jo, - - - , jn, the desired result is then a consequence of

Holder’s inequality. O

Combining Lemma 2 and (1), we obtain the following.

Lemma 3. If 0 < p < 1, f is holomorphic inB,, and U is a unitary
transformation, ther|f o U||, < C||f|,, whereC' is a positive constant
independent of andU.

Another class of automorphisms, called involutions, can be defined ex-
plicitly. Thus for every point. € B,,, a # 0, we define
1 —a* Qa(2)

1—(z,a) ’

pa(z) = -

z € B,

where

P.(z) = <T;|Z>a, zeCn,
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is the orthogonal projection frofd” onto the one-dimensional subspéce
generated by, andQ,(z) = z — P,(z) is the orthogonal projection from
C" onto[a]*. Whena = 0, we simply definep,(z) = —z.

It is well known that eaclp, is an automorphism d§,,. Furthermoreyp,
has the properties that

(2) ©a(0) = a, wu(a) =0, @4,0p.(2)= 7z,
and

o (s R la[*)(1 = (z,w))
(3) 1 = (pa(2); pa(w)) 1= (o) (= @w)

wherez andw are arbitrary points if,,. See [2] or [3].
If ¢ is any automorphism dB,, anda = ¢(0), then the automorphism
vq o ¢ fixes the origin and hence must be a unitary transformation (by a
classical theorem of Cartan; see [2] or [3]). This shows that o, o U
for somea € B,, and some unitary/. A similar argument shows that every
v € Aut(B,) can be written a¥ o ¢, for someb € B,, and some unitary
V. We summarize this analysis as the following.

Lemma 4. Everyy € Aut(B,) can be written as
P =¢aolU=Vou,
whereU andV are unitary transformationsy = ¢(0), andp(b) = 0.

The following result gives an even more detailed decomposition for au-
tomorphisms.

Lemma 5. Every automorphism of B,, can be decomposed into the form
¥ = Uo Pa © Vv,

whereU andV are unitary transformations, and= (r,0, - - - , 0) for some

reo0,1).

Proof. Fix an automorphisnp € Aut(B, ) and choose a unitary transfor-

mationU such that/(a) = ¢(0), wherea = (r,0,---,0) andr = |p(0)].

This is possible, because the unitary group is transitive on any sphere cen-
tered at the origin. Since

a0 U 1 op(0)=0,

an application of Lemma 4 shows that there exists a unitary transformation
V' such that
paoUtop=V,
or
p=Uop.oV,
completing the proof of the lemma. O
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3. MOBIUS INVARIANCE OF B,

Let M,, be the dimensional constant definedly, = 1 for n = 1 and
M, = 2nforn > 1. The Mdbius invariance oB, exhibits a subtle differ-
ence whem crosses this constant.

Whenp > M,, the Besov spac#, can be given an explicit Bbius
invariant semi-norm:

[ ZCL )| v

where|V f(z)| is the Mdbius invariant complex gradient gf at z. This
integral diverges fop < M,, unlessf is constant. See Section 6.3 of [3].

Whenp = 2, the Dirichlet type spac#, admits the following Mbius
invariant semi-inner product:

al
(f9)=> ’@fwaabm

o

wherea, andb, are the Taylor coefficients of and g, respectively, and
ol =aq!- - a,!. See Section 6.4 of [3].
Whenp = 1, the space3; consists exactly of functions of the form

(4) f2)=cot+ Y eful(2),
k=1

where{c,} € ' and f; are coordinate functions of automorphisms. More-
over,

o
1l = i0f 3 Jerl,
k=0

where the infimum is taken over &t} satisfying (4), defines a Bbius
invariant norm (not just a semi-norm) @ . See Section 6.2 of [3].
More generally, for any € (1, c0), the Mdbius invariance oB,, follows
from complex interpolation betweeB; and B,, whereq > max(p, M,,).
See [1] or [3].
We proceed to show thdg, is also Mdbius invariant wheid) < p < 1.
The following integral estimate will be essential for us.

Lemma 6. For s > —1 andt real the integral

I(Z) _ /B (1 — |w|2)s dv(w>

. |1 _ <27 w>|n+l+s+t
has the following asymptotic propertiesja$ — 1-.

(@) If t > 0, thenI(z) is bounded.
(b) If t = 0, thenI(z) is comparable to- log(1 — |z]?).
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(c) If t > 0, thenI(z) is comparable td1 — |z|*)~".

Proof. See Proposition 1.4.10 of [2]. O

The key ingredient in our proof is the following atomic decomposition
for functions in Besov spaces.

Lemma 7. For any0 < p < co andb > max(0,n(p — 1)/p) there exists a
sequencéay } in B, such thatB,, consists exactly of functions of the form

5) O et b
N 1= a))
k=1
where{c,} € [P. Moreover,|| f||? is equivalent to

inf ) " lexl”,
k=1
where the infimum is taken over all sequenfgg satisfying (5).

Proof. See Section 6.1 of [3]. O

Let H> be the space of bounded holomorphic function® jrequipped
with the sup-norm| f|| .

Lemma 8. If 0 < p < 1, thenB, is continuously contained if¥*°.

Proof. If 0 < p < 1, then Hlder’s inequality shows that is continuously
contained in!. Since each function

o= ($=E85)

has sup-norm less than or equabt the desired result then follows from
Lemma 7. U

The above proof actually shows thag, when0 < p < 1, is continuously
contained in the disk algebra.

We can now prove Theorem 1, the main result of the paper.

Fix a functionf € B,, where0 < p < 1. By Lemma 8, there exists a
constant”; > 0 such that

sup{[f o p(2)| : 2 € Bp, 0 € Aut(Bn)} = [|flloo < Cillflp-

Combining this with Cauchy’s estimates, we can find a constant- 0
such that

(6) > 1M (fep) )P < Cal £,
la|<N
forall p € Aut(B,,).
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By Lemma 7 (withb = 1), there exists a sequenge;} in B, and a
sequencécy} in [P such that
— Z CLk

where
7 > el < Gl £,
k=1

and(} is a positive constant independentfoand{c;}. Since0 < p <1,
it follows from Holder’s inequality that the integral

/ (1= [2P)¥er (f 0 ) (=) dA(2)

is less than or equal to
STl [ 1@ = 1PN (fro @) (2)|” dA(2)
k=1 Br

wherea is a multi-index with sizeV and

file) = 9 1), seB
Z)=—+—— a ag), z -
F 1—{(z,ax) Pa g
Note that the last equality above follows from (3).

By Lemma 4, we have,,, o ¢ = U}, o ¢, , whereU} is a unitary trans-

formation andzj, = ¢! (ay). It follows that
feop(z) = 1= (g (2), b),
whereb, = U} (ay,).
Foru andv in B,, we consider the function
fuw(2) =1 = (pu(2),v), z €B,.

The proof of the theorem will be complete if we can show that there exists
a constant’; > 0, independent of. andv, such that

(8) /| — 2N fuu ()| dA(2) < C4

for all w andv in B,, and alla with |a| =
Apply Lemma 5 to the automorphism, and then use Lemma 3. We
conclude that it suffices to prove (8) under the additional assumption that
= (r,0,---,0), where0 < r < 1. In this case, we have

%@:(r_zl VTP TP )

22-.-
1—rz 1—rzy 7 7 1—7’21
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and so
— V1 —r2 1 —7r2
fun(z) =1—=7 i T 2o+ -+ T, ! Zn,
' 1—rzn 1—rzn 1—rzn
where(vy, -+ ,v,) = v.

Consider a mixed partial derivativé®(f,,)(z), wherela|] = N. Itis
clear that this partial derivative is zero when

lag| + -+ + |ag| > 1.

Therefore, we can assume that at most one of the numbées jn- - , o, }
is 1 and the rest are all. There are two cases to consider.

The first case is when, = --- = «,, = 0. Then it is easy to check that
o aN.fu,v N!TN_I
O (fup)(z) = W(Z‘) = W(MW,
where
w=(1—-7*7rV1—12z - rV1—122).
Since

wf? = (1= 1224121 —12) (|22 = 21 ]?) < (L=12)2+ (1=r?)(1 = |]2),

an application of the Cauchy-Schwarz inequality followed lildér’s in-
equality gives

1—7r2++1 —7’2\/1 — |21 2
|1 — 7z |NH ’

Writing rz; as the inner product of with (r,0,--- ,0) and applying part
(c) of Lemma 6, we see that

1—r2)(1 = [z’
[ () e
is a bounded function of. A similar estimate works for the second term on
the right hand side of (9), after we make use of the fact that
1—|z1]* < 2|1 —rz).
This proves the inequality (8) whern, = 0for2 < k < n.

The second case is when exactly one of the integefadn - - , o, }, say
oy, is 1 and the rest are all. In this case, we have

() |0 (fuw)(2)] < N!

O%(fuw)(2) = (N — 1)!@M,N1%.

By part (b) of Lemma 6, the integral
— 2 p
| (A2 1pr) o)
Bn,

|1 —rz |V
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is dominated by
2
1—7r2’
which is clearly a bounded function efe [0, 1).
This completes the proof of Theorem 1.

(1 —7r2)P%log
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