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ABSTRACT. We show that the norm of the Bergman projectionérof
the unit ball inC™ is comparable tesc(7/p) for 1 < p < oo.

1. INTRODUCTION

Throughout the paper we fix a positive integeand letB denote the
open unit ball inC". For—1 < a < oo let

dva(z) = (a+ 1)(1 = |2[2)° doz).

wheredv is the normalized volume measure Bn
For0 < p < oo let

AP = H(B) N LP(B, dv.)

denote the weighted Bergman space®nvith standard radial weights.
Here H(B) is the space of all holomorphic functions i It is easy to
see that4? is closed inL?(B, dv,). We will use|| ||, for the norm in
LP(B, dv,).

We useP, to denote the orthogonal projection frabA(B, dv,, ) onto A2.
It is well known thatP, is an integral operator oh?(B, dv,,),

fw@zémwwmmmmm

where the integral kernel is given by
1
(1 = {z,w))+ite
Itis also well known that, fot < p < oo, the Bergman projectioRr, maps
LP(B, dv, ) boundedly ontaA?. See Section 7.1 of [2] for example.

The purpose of this paper is to give a sharp estimate of the norRy of
on L?(B, dv, ). Our main result is the following theorem.

Ky (z,w) =

Theorem. For any —1 < a < oo there exists a constant C' > 0, depend-
ing on « and n but not on p, such that the norm of the operator

P, : L*(B,dv,) — AL
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satisfies the estimate

C~'esc — <Py < Cese—
p b

forall 1 < p < oo.

It is easy to see that the quantityc(7/p) is comparable tp asp — oo
and comparableé/(p — 1) asp — 1.

This work was done while | was visiting the University of Marseille | in
France. | wish to thank the Centre de Mathematiques et d’Informatique at
Marseille I, and Professor Hassan Youssfi in particular, for a very nice visit.

2. PRELIMINARIES

The proof of our main result still depends on the two traditional tools,
namely, Forelli-Rudin type estimates for certain integrals on the ball and
Schur’s test for the boundedness of integral operator&fospaces. But
three new ingredients are necessary here. First, we need a more precise
version of the Forelli-Rudin estimates, namely, how the estimates depend
on various parameters. Second, we need to find the right test function for
Schur’s lemma in order to control the parameters in the Forelli-Rudin esti-
mates. And finally, we need to show that our estimates are sharp in a certain
sense.

Lemma 1. For anyT > 0 there exists a constait > 0, depending om
andT but not ont, such that

J L A

s 11— (20" = (1—]2[2)

forall z € Band0 < t < T, whereS is the unit sphere i ando is the
normalized Lebesgue measuresn

Proof. By the proof of Proposition 1.4.10 in [2],

do(¢) CTn) & [2(k+ ) 2%k
@ /S 1= (=, Q[+~ T2 & T(k + DLk + n) 27
where) = (n +t)/2. Also,
1 = TR+
@ PP~ e

Ast goes from0 to 7', the parametek goes fromn/2 to (n + T') /2, so the
quotientT’(n)/T?()\) is bounded below away frorh and bounded above
away from infinity. We now use Stirling’s formula to compare (1) and (2).
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For each non-negativelet

2(k+ )
C(k+n)(k+1t)

It is obvious that ift > 0 thena, is positive and bounded ihe (0,7);
this is also true whek = 0, because the gamma function is bounded away
from 0 on the interval0, co). We need to show that there exists a positive
constant' (depending only om andT’) such that,, < C forall £ > 0 and
0<t<T.

By Stirling’s formula, there exist positive constaiits and M such that

[(x)

r¥T2e7"

ap = ak(t) =

cit < <

for all z > M. It then follows easily that there exists a constéht> 0,
depending only om andT’, such that

A—n]" A=t Sk +n)(k+1)
<Oy |1 1 .
U = Q{Jrk ] {+k+t} k4 A

As k — +o0, the right hand side above approacligsuniformly for ¢ €
(0,T) (whenn is fixed), because

Yy
lim (1 n f) = 7,
y—00 Y

and the convergence is uniform fenin any finite interval. This proves the
desired estimate. O

n

Lemma 2. Given anyl’ > 0 and A > —1, there exists a constait > 0,
depending om, T, and A, but not ont and «, such that

/ (1— [w)*do(w) _ CT(a+1)T()

1= (zw)rrttert = (1 —[2]2)

forall —-1<a< A,0<t<T,andz € B.

Proof. Let I denote the integral concerned. By the proof of Proposition
1.4.10in [2],

L(n+4+ D+ 1) 2(k+ ) ok
3 I=
®) T2()) ;F(k+1)F(n+1+a+k)lz| ’
where\ = (n+ 1+ a +t)/2. The desired result then follows from (2), (3),
and Stirling’s formula. The details are exactly the same as in the proof of
Lemma 1. U
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Lemma 3. Suppose: is a positive measure on a spageand H(x,y) is
a positive kernel onX. If there exists a constartf > 0 and a positive
functionh(x) on X such that

&/ny y)'du(y) < Ch(z)"

forall z in X, and

&/Hwy z)Pdp(z) < Ch(y)?

for all y in X, then the integral operator

:LH@W@@@

is bounded or.*( X, 1) with norm not exceeding'. Herel < p < oo and
1/p+1/q=1.

Proof. See [3] for example. O

3. PROOF OF THEMAIN RESULT

We now prove the main result of the paper.

Theorem 4. For any—1 < a < oo there exists a constant > 0, depend-
ing ona andn but not onp, such that the norm of the operator

P,: L*(B,dv,) — AL
satisfies the estimate

Clese - < | Pally < Cese -
p p

forall 1 < p < .

Proof. Fix 1 < p < oo and letq be the conjugate exponent,
1 1
-4+ - =1.
P g

Consider the function
h(z) = (1= [#f?) (/00

onB and the operator
/ w) dvg(w
|1 _ Z w |n+1+a




NORM OF BERGMAN PROJECTION 5

on L”(B, dv,). By Lemma 2, with’ = o« + 1 and A = «, there exists a
constant”' > 0, independent g, such that

i)y [ Ul )" do(w)

|1 — (2, w) |1t B |1 — (z,w) [T T

Cla+ 0 (=) 1 (=)

S T A—Rpen
— Cla+1)T (O‘zl) r <O‘:1) h(z)".

Similarly,
Pdvy(2) a+1 a+1
< nr r P,
/|1 w)|"+1+°‘_C(OHr> ( p ) ( q )h<w)

It follows from Lemma 3 that the norm of the operatbron L*(B, dv,,),
and hence the norm dt, on L?(B, dv, ), does not exceed

cosor(220)r(%21)

If « =0, awell-known property of the gamma function gives
()5
p q s
see [1].

If « # 0, we can find a constant; > 0, independent op but dependent

on «, such that
F(a—i—l)r(a—i—l) < ,Cl,r.
q D sin
In fact, because of the symmetry of the sine function and the conjugacy

betweerp andg, we only need to consider the case in whidls very large.
In this case, the factdf((a+1)/q) is bounded from above and from below,

and
1 1
F<a+ )NpN 1
p sin —

p

because
al'(z)=T(r+1)~1
whenz is a small positive number.
To prove that the norm estimate

C

sin =
p

[Pally <
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is sharp, we only need to consider the case when 2; the case when
1 < p < 2 then follows from duality and the symmetry of the function
sin(7/p). Note again that fop > 2 the constantin(r/p) is comparable to
1/p.

So we assume that> 2 and consider the function

f(z) = log(l—z)—log(l—2)
= 2jarg(l — z).

Itis clear thal f(z)| < 2x for all = € B, so that the norm of in L*(B, dv,,)
does not exceelr. On the other hand, it is easy to see that

Paf(z) = log(1 = 21);

see Theorem 7.1.4(b) in [2].
It is well known that every functiol in A? satisfies the pointwise esti-
mate

19lp.0

(4) ‘9(2)‘ < (1 . ’2‘2)(n+1+a)/p’ z €B.

In fact, for any fixedz in B, a change of variables shows that the funcgon
andG have the same norm id?, where

(1 _ |Z|2)n+l+a
G(U)) - g © <102(11)) (1 o <w Z>)2(n+1+o‘) ’ w € IB%7

and, is the involutive automorphism @ that interchanges the orgin and
the pointz; see Section 2.2 in [2]. The obvious estimai&0)| < ||G||,.o
then leads to (4).

Letg = P,fandz = (r,0,---,0) in (4), where) < r < 1. We obtain

ntlta 1
1Pafllpe > (1=72)7 " log
1—r
n+l4+a 1
> (1 — 1 .
=z (I—r) 7 log—r

In particular, ifr =1 — e™P, then
||Paf||p,a > pe_(n+1+a)-

This shows that
||Pocf||p,a > p
[fllpo — 2mentite’

so the norm of?, on L?(B, dv,) is at leasip/(2re" ). This completes
the proof of the theorem. O
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Note that the main result can be restated as follows: there exists a con-

stantC' > 0 such that
2 2

1D P

c! <||P.|l, £ C
for everyp € (1,00). The quotienp?/(p — 1) can also be replaced by
orp+ g, wherel/p+1/q = 1.

4. RELATED QUESTIONS

Our main result shows how fast the norm of the Bergman projection
P, on L?(B, dv,) grows asp increases to infinity or ag decreases ta,
whena is fixed. A related question is to determine how the nornPpf
on LP(B, dv,) depends omx whenyp is fixed. In particular, we are inter-
ested in estimates of this norm whers fixed and whemx approaches-1.

We conjecture that the norm &, on L?(B, dv,,) remains bounded if is

fixed in (1, c0) and wheny approaches-1. A direct proof of this, such as
the one in the previous section, will give a proof for the boundedness of the
Cauchy-Sigo projection orl.? spaces of the unit sphere wher: p < .

Itis of course well known that the Cauchy&®yo projectiort) is bounded
on L spaces of the unit sphere whén< p < co. However, we are not
aware of any estimates for the norm@fon L?.

Another natural problem is to find sharp norm estimates for the Bergman
projection onL? spaces of other domains, such as strongly pseudo-convex
domains inC".
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