
COMPACT COMPOSITION OPERATORS
ON BERGMAN SPACES OF THE UNIT BALL
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ABSTRACT. Under a mild condition we show that a composition opera-
tor Cϕ is compact on the Bergman spaceAp

α of the open unit ball inCn

if and only if (1− |z|)/(1− |ϕ(z)|) → 0 as|z| → 1−.

1. INTRODUCTION

For any positive integern we let

Cn = C× · · · × C

denote then-dimensional complex Euclidean space. For any two points
z = (z1, · · · , zn) andw = (w1, · · · , wn) in Cn we write

〈z, w〉 = z1w1 + · · ·+ znwn,

and
|z| =

√
|z1|2 + · · ·+ |zn|2.

The open unit ball inCn is the set

Bn = {z ∈ Cn : |z| < 1}.
The space of holomorphic functions inBn will be denoted byH(Bn).

Let dv be Lebesgue volume measure onBn, normalized so thatv(Bn) =
1. For anyα > −1 we let

dvα(z) = cα(1− |z|2)α dv(z),

wherecα is a positive constant chosen so thatvα(Bn) = 1. The weighted
Bergman spaceAp

α, wherep > 0, consists of functionsf ∈ H(Bn) such
that ∫

Bn

|f(z)|p dvα(z) < ∞.

The spaceA2
α is a Hilbert space with inner product

〈f, g〉 =

∫
Bn

f(z)g(z) dvα(z).
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Every holomorphicϕ : Bn → Bn induces a composition operator

Cϕ : H(Bn) → H(Bn),

namely,Cϕf = f ◦ ϕ. Whenn = 1, it is well known thatCϕ is always
bounded onAp

α; andCϕ is compact onAp
α if and only if

lim
|z|→1−

1− |z|2

1− |ϕ(z)|2
= 0.

See [2] and [3].
Whenn > 1, not every composition operator is bounded onAp

α. For ex-
ample, it can easily be checked with Taylor coifficients that the composition
operatorCϕ is not bounded onA2

α when

ϕ(z) = (π(z), 0, · · · , 0),

where
π(z) =

√
nn z1 · · · zn.

See [2] for more examples and references.
The main result of the paper is the following.

Theorem. Suppose p > 0 and α > −1. If the composition operator Cϕ is
bounded on Aq

β for some q > 0 and −1 < β < α, then Cϕ is compact on
Ap

α if and only if

(1) lim
|z|→1−

1− |z|2

1− |ϕ(z)|2
= 0.

Note that the compactness ofCϕ on Ap
α always implies condition (1);

we do not need any assumption onϕ for this half of the theorem. The
assumption thatCϕ be bounded onAq

β for someβ < α is needed only for
the other half the theorem. The exponentsp andq are not important.

2. PRELIMINARIES

We collect a few preliminary results in this section that will be needed
later in the paper. We begin with the notion of compact composition opera-
tors onAp

α.
Whenp > 1, the Bergman spaceAp

α is a reflexive Banach space (see [6]
for more information about Bergman spaces), and all reasonalble definitions
of compactness ofCϕ on Ap

α are equivalent. In general, for anyp > 0, we
say that the composition operatorCϕ is compact onAp

α if

lim
k→∞

∫
Bn

|Cϕfk|p dvα = 0
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whenever{fk} is a bounded sequence inAp
α that converges to0 uniformly

on compact subsets ofBn.
For any holomorphicϕ : Bn → Bn we can define a positive Borel mea-

sureµϕ,α onBn as follows. Given a Borel setE in Bn, we set

µϕ,α(E) = vα(ϕ−1(E)) = cα

∫
ϕ−1(E)

(1− |z|2)α dv(z).

Obviously,µϕ,α is the pullback measure ofdvα under the mapϕ. Therefore,
we have the following change of variables formula:

(2)
∫

Bn

f(ϕ) dvα =

∫
Bn

f dµϕ,α,

wheref is either nonnegative or belongs toL1(Bn, dµϕ,α). In particular,
the composition operatorCϕ is bounded onAp

α if and only if there exists a
constantC > 0 such that

(3)
∫

Bn

|f |p dµϕ,α ≤ C

∫
Bn

|f |p dvα

for all f ∈ Ap
α. Measures satisfying this condition are called Carleson

measures for the Bergman spaceAp
α.

Similarly, a positive Borel measureµ onBn is called a vanishing Carleson
measure for the Bergman spaceAp

α if

(4) lim
k→∞

∫
Bn

|fk|p dµ = 0

whenever{fk} is a bounded sequence inAp
α that converges to0 uniformly

on compact subsets ofBn. In particular, a composition operatorCϕ is com-
pact onAp

α if and only if the pullback measureµϕ,α is a vanishing Carleson
measure forAp

α.
It is well known that Carleson (and vanishing Carleson) measures for

the Bergman spaceAp
α is indenpendent ofp. More precisely, the following

result holds.

Lemma 1. Supposep > 0 andα > −1. Then the following conditions are
equivalent for any positive Borel measureµ onBn.

(i) µ is a Carleson measure forAp
α, that is, there exists a constantC >

0 such that ∫
Bn

|f |p dµ ≤ C

∫
Bn

|f |p dvα

for all f ∈ Ap
α.



4 KEHE ZHU

(ii) For some (or each)R > 0 there exists a constantC > 0 (depending
onR andα but independent ofa) such that

µ(D(a, R)) ≤ Cvα(D(a, R))

for all a ∈ Bn, whereD(a, R) is the Bergman metric ball ata with
radiusR.

Proof. See [7] for example. �

A consequence of the above lemma is the following well-known result
about composition operators; see [2].

Corollary 2. Supposep > 0, q > 0, andα > −1. ThenCϕ is bounded on
Ap

α if and only ifCϕ is bounded onAq
α.

A similar characterization of vanishing Carleson measures forAp
α also

holds.

Lemma 3. Supposep > 0 andα > −1. The following two conditions are
equivalent for a positive Borel measure onBn.

(i) µ is a vanishing Carleson measure forAp
α.

(ii) For some (or any)R > 0 we have

lim
|a|→1−

µ(D(a, R))

vα(D(a, R))
= 0.

Proof. See [7] for example. �

As a result of the above lemma we see that the compactness ofCϕ onAp
α

is indenpendent ofp. We state this as the following corollary which can be
found in [2] as well.

Corollary 4. Supposep > 0, q > 0, andα > −1. ThenCϕ is compact on
Ap

α if and only ifCϕ is compact onAq
α.

We need two more technical lemmas. The first of which is called Schur’s
test and concerns the boundedness of integral operators onLp spaces. Thus
we consider a measure space(X, µ) and an integral operator

(5) Tf(x) =

∫
X

H(x, y)f(y) dµ(y),

whereH is a nonnegative measurable function onX ×X.

Lemma 5. Suppose that there exists a positive measurable functionh onX
such that ∫

X

H(x, y)h(y) dµ(y) ≤ Ch(x)
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for almost allx and ∫
X

H(x, y)h(x) dµ(x) ≤ Ch(y)

for almost ally, whereC is a positive constant. Then the integral operator
T defined in (5) is bounded onL2(X, dµ). Moreover, the norm ofT on
L2(X, dµ) is less than or equal to the constantC.

Proof. See [5] or [6]. �

Lemma 6. Supposeα > −1 andt > 0. Then there exists a constantC > 0
such that ∫

Bn

dvα(w)

|1− 〈z, w〉|n+1+α+t
≤ C

(1− |z|2)t

for all z ∈ Bn.

Proof. See [4]. �

3. CHARACTERIZATIONS IN TERMS OFKERNEL FUNCTIONS

In order to understand the mild assumption made in the statement of the
main theorem, we show in this section how the boundedness and compact-
ness of composition operators on Bergman spaces can be described in terms
of Bergman type kernel functions.

Theorem 7. Supposep > 0, α > −1, and t > 0. Then the composition
operatorCϕ is bounded onAp

α if and only if

(6) sup
a∈Bn

(1− |a|2)t

∫
Bn

dvα(z)

|1− 〈a, ϕ(z)〉|n+1+α+t
< ∞.

Proof. It follows from Lemma 6 that the boundedness ofCϕ onAp
α implies

condition (6).
Next we assume that condition (6) holds. Then by the change of variables

formula (2) there exists a constantC > 0 such that

(1− |a|2)t

∫
Bn

dµϕ,α(z)

|1− 〈a, z〉|n+1+α+t
≤ C

for all a ∈ Bn. For any fixed positive radiusR we have

(1− |a|2)t

∫
D(a,R)

dµϕ,α(z)

|1− 〈a, z〉|n+1+α+t
≤ C

for all a ∈ Bn. It is well known that

|1− 〈a, z〉| ∼ 1− |a|2
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for z ∈ D(a, R), and it is also well known that

(1− |a|2)n+1+α ∼ vα(D(a, R));

see [7]. It follows that there exists another positive constantC (independent
of a) such that

µϕ,α(D(a, R)) ≤ Cvα(D(a, R))

for all a ∈ Bn. By Lemma 1, the measureµϕ,α is Carleson forAp
α, and so

the composition operatorCϕ is bounded onAp
α. �

This result is probably well known to experts in the field. The main point
here is thatt can be an arbitrary positive constant. This also tells us roughly
how far away the boundedness ofCϕ onAp

α is from that ofCϕ onAp
β.

Corollary 8. Supposep > 0, q > 0, and−1 < β < α. If Cϕ is bounded on
Aq

β, thenCϕ is bounded onAp
α.

Proof. Write α = β + ε with ε > 0. Since

(1− |z|2)ε

|1− 〈a, ϕ(z)〉|ε
≤ C1

(
1− |z|2

1− |ϕ(z)|2

)ε

≤ C2,

where the last inequality is an easy consequence of Schwarz lemma for the
unit ball, we have∫

Bn

(1− |w|2)α dv(w)

|1− 〈a, ϕ(w)〉|n+1+α+t
≤ C2

∫
Bn

(1− |w|2)β dv(w)

|1− 〈a, ϕ(w)〉|n+1+β+t
.

This shows that

sup
a∈Bn

(1− |a|2)t

∫
Bn

dvβ(z)

|1− 〈a, ϕ(z)〉|n+1+β+t
< ∞

implies

sup
a∈Bn

(1− |a|2)t

∫
Bn

dvα(z)

|1− 〈a, ϕ(z)〉|n+1+α+t
< ∞.

The desired result then follows from Theorem 7. �

A similar argument gives the following characterization of the compact-
ness ofCϕ onAp

α.

Theorem 9. Supposep > 0, α > −1, andt > 0. ThenCϕ is compact on
Ap

α if and only if

(7) lim
|a|→1−

(1− |a|2)t

∫
Bn

dvα(z)

|1− 〈a, ϕ(z)〉|n+1+α+t
= 0.

Corollary 10. Supposep > 0, q > 0, and−1 < β < α. Then the compact-
ness ofCϕ onAq

β implies the compactness ofCϕ onAp
α.
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Although we do not need Hardy spaces in this paper, we mention here
that if Cϕ is bounded (or compact) on a Hardy spaceHq of the unit ball,
thenCϕ is bounded (or compact) on very Bergman spaceAp

α. This result,
along with Corollaries 8 and 10 above, can be found in [1].

4. COMPACTNESS ONBERGMAN SPACES

We now prove the main result of the paper.

Theorem 11. Supposep > 0 and α > −1. If Cϕ is bounded onAq
β for

someq > 0 and−1 < β < α, thenCϕ is compact onAp
α if and only if

(8) lim
|z|→1−

1− |z|2

1− |ϕ(z)|2
= 0.

Proof. According to Corollary 4, we may assume thatp = 2.
The normalized reproducing kernels ofA2

α are given by

kz(w) =
(1− |z|2)(n+1+α)/2

(1− 〈w, z〉)n+1+α
.

Eachkz is a unit vector inA2
α and it is clear that

lim
|z|→1−

kz(w) = 0, w ∈ Bn.

Furthermore, the convergence is uniform whenw is restricted to any com-
pact subset ofBn. A standard computation shows that∫

Bn

|C∗
ϕkz|2 dvα =

(
1− |z|2

1− |ϕ(z)|2

)n+1+α

,

so the compactness ofCϕ on A2
α (which is the same as the compactness of

C∗
ϕ onA2

α) implies condition (8).
We proceed to show that condition (8) implies the compactness ofCϕ on

A2
α, provided thatCϕ is bounded onAq

β for someβ ∈ (−1, α). An easy
computation shows that the operator

CϕC∗
ϕ : A2

α → A2
α

admits the following integral representation:

(9) CϕC∗
ϕf(z) =

∫
Bn

f(w) dvα(w)

(1− 〈ϕ(z), ϕ(w)〉)n+1+α
, f ∈ A2

α.

We will actually prove the compactness ofCϕC∗
ϕ onA2

α, which is equivalent
to the compactness ofCϕ on A2

α. In fact, our arguments will prove the
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compactness of the following integral operator onL2(Bn, dvα):

(10) Tf(z) =

∫
Bn

f(w) dvα(w)

|1− 〈ϕ(z), ϕ(w)〉|n+1+α
.

For anyr ∈ (0, 1) let χr denote the characteristic function of the set
{z ∈ Cn : r < |z| < 1}. Consider the following integral operator on
L2(Bn, dvα):

(11) Trf(z) =

∫
Bn

Hr(z, w)f(w) dvα(w),

where

Hr(z, w) =
χr(z)χr(w)

|1− 〈ϕ(z), ϕ(w)〉|n+1+α

is a nonnegative integral kernel. We are going to estimate the norm ofTr on
L2(Bn, dvα) in terms of the quantity

Mr = sup
r<|z|<1

1− |z|2

1− |ϕ(z)|2
.

We do this with the help of Schur’s test.
Let α = β + σ, whereσ > 0, and consider the function

h(z) = (1− |z|2)−σ, z ∈ Bn.

We have∫
Bn

Hr(z, w)h(w) dvα(w) =
cα

cβ

∫
Bn

χr(z)χr(w) dvβ(w)

|1− 〈ϕ(z), ϕ(w)〉|n+1+β+σ

≤ cα

cβ

∫
Bn

χr(z) dvβ(w)

|1− 〈ϕ(z), ϕ(w)〉|n+1+β+σ
.

By the boundedness ofCϕ on Aq
β, there exists a constantC1 > 0, indepen-

dent ofr andz, such that∫
Bn

Hr(z, w)h(w) dvα(w) ≤ C1χr(z)

∫
Bn

dvβ(w)

|1− 〈ϕ(z), w〉|n+1+β+σ
.

We apply Lemma 6 to find another positive constantC2, independent ofr
andz, such that∫

Bn

Hr(z, w)h(w) dvα(w) ≤ C2χr(z)

(1− |ϕ(z)|2)σ

= C2χr(z)

(
1− |z|2

1− |ϕ(z)|2

)σ

h(z)

≤ C2M
σ
r h(z)



COMPOSITION OPERATORS 9

for all z ∈ Bn. By the symmetry ofHr(z, w), we also have∫
Bn

Hr(z, w)h(z) dvα(z) ≤ C2M
σ
r h(w)

for all w ∈ Bn. It follows from Lemma 5 that the operatorTr is bounded
on L2(Bn, dvα) and the norm ofTr on L2(Bn, dvα) does not exceed the
constantC2M

σ
r .

Now fix somer ∈ (0, 1) and fix a bounded sequence{fk} in A2
α that

converges to0 uniformly on every compact subset ofBn. In particular,
{fk} converges to0 uniformly on|z| ≤ r. We use (9) to write

CϕC∗
ϕfk(z) = Fk(z) + Gk(z), z ∈ Bn,

where

Fk(z) =

∫
|w|≤r

fk(w) dvα(w)

(1− 〈ϕ(z), ϕ(w)〉)n+1+α
,

and

Gk(z) =

∫
Bn

χr(w)fk(w) dvα(w)

(1− 〈ϕ(z), ϕ(w)〉)n+1+α
.

Since{fk(w)} converges to0 uniformly on for|w| ≤ r, we have

lim
k→∞

∫
Bn

|Fk(z)|2 dvα(z) = 0.

For any fixedz ∈ Bn, the weak convergence of{fk} to 0 in L2(Bn, dvα)
implies thatGk(z) → 0 ask →∞. In fact, by splitting the ball into|z| ≤ δ
andδ < |z| < 1, it is easy to show that

lim
k→∞

Gk(z) = 0

uniformly for z in any compact subset ofBn.
It follows from the definition ofTr that∫

Bn

|Gk|2 dvα ≤
∫
|z|≤r

|Gk|2 dvα +

∫
Bn

|Tr(|fk|)|2 dvα.

Since{fk} is bounded inL2(Bn, dvα), and since the norm of the operator
Tr on L2(Bn, dvα) does not exceedC2M

σ
r , we can find a constantC3 > 0,

independent ofr andk, such that∫
Bn

|Tr(|fk|)|2 dvα ≤ C3M
2σ
r

for all k. Combining this with

lim
k→∞

∫
|z|≤r

|Gk|2 dvα = 0,
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we obtain

lim sup
k→∞

∫
Bn

|Gk|2 dvα ≤ C3M
2σ
r .

This along with the estimates forFk in the previous paragraph gives

lim sup
k→∞

∫
Bn

|CϕC∗
ϕfk|2 dvα ≤ C3M

2σ
r .

Sincer is arbitrary andMr → 0 asr → 1− (which is equivalent to the
condition in (8)), we conclude that

lim
k→∞

∫
Bn

|CϕC∗
ϕfk|2 dvα = 0.

SoCϕ is compact onA2
α, and the proof of the theorem is complete. �

Note that whenn = 1, Cϕ is bounded on every Bergman spaceAq
β, so the

characterization of compact composition operators onAp
α does not need any

extra assumption. However, our proof here still works. The idea of using
Schur’s test to prove the compactness of composition operators seems to be
new even in the casen = 1.

A similar compactness result was proven in [1] for composition operators
on Ap

α. But the condition in [1] involves the derivatives ofϕ and is much
stronger than our condition here.

Finally we mention that our results and proofs generalize to strongly
pseudo-convex domains. The key preliminary results we need are Lem-
mas 1, 3, 5, and 6, which are all known to be true for strongly pseudo-
convex domains. For the same reasons, our results and proofs also work for
products of balls inCn. In particular, they remain valid for the polydisk.
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