COMPACT COMPOSITION OPERATORS
ON BERGMAN SPACES OF THE UNIT BALL

KEHE ZHU

ABSTRACT. Under a mild condition we show that a composition opera-
tor C,, is compact on the Bergman spadg of the open unit ball irC™
if and only if (1 — |2])/(1 — |p(2)]) — 0as|z| — 1.

1. INTRODUCTION
For any positive integet we let
Ch'=Cx---xC

denote then-dimensional complex Euclidean space. For any two points
2= (21, - ,2,) andw = (wy, - -+ ,w,) in C™ we write

<Z,U}> = 21W1 + - + 2, Wy,

and

|2l = VIal + -+ el
The open unit ball irC™ is the set
B,={z€C":|z| <1}

The space of holomorphic functionsIi, will be denoted byH (B,,).
Let dv be Lebesgue volume measureldn normalized so that(B,,) =
1. For anya > —1 we let
dve(2) = co(1 — |2*)* dv(2),

wherec,, is a positive constant chosen so thatB,,) = 1. The weighted
Bergman spacel?, wherep > 0, consists of functiong € H(B,,) such
that

) |f(2)|P dva(2) < 0.

The spacel? is a Hilbert space with inner product

{f.9) = : f(2)9(2) dva(z).
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Every holomorphicy : B,, — B,, induces a composition operator
C,: HB,) — H(B,),

namely,C,f = fo¢. Whenn = 1, it is well known thatC,, is always
bounded omd?; andC, is compact orA? if and only if

1412
j2=1- 1 — |op(2))]
See [2] and [3].
Whenn > 1, not every composition operator is boundedA4h For ex-
ample, it can easily be checked with Taylor coifficients that the composition

operatorC,, is not bounded onlZ when

p(z) = (7(2),0,---,0),
where
m(2) =Vnnz - 2.
See [2] for more examples and references.
The main result of the paper is the following.

Theorem. Suppose p > 0 and o > —1. If the composition operator C, is
bounded on A% for some ¢ > 0 and —1 < 3 < «, then C,, is compact on
AP if and only if

_ 1— |z

1 lim ——— =0.

@) Zl=1- 1 — |(2)]?

Note that the compactness 6f, on A? always implies condition (1);

we do not need any assumption gnfor this half of the theorem. The

assumption that’, be bounded omg for some( < « is needed only for
the other half the theorem. The exponemtandq are not important.

2. PRELIMINARIES

We collect a few preliminary results in this section that will be needed
later in the paper. We begin with the notion of compact composition opera-
tors onA?L.

Whenp > 1, the Bergman spacé?® is a reflexive Banach space (see [6]
for more information about Bergman spaces), and all reasonalble definitions
of compactness af’, on A? are equivalent. In general, for apy> 0, we
say that the composition operatdy, is compact or? if

k—o0

lim/ |C, fil? dve = 0
By
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whenever f;} is a bounded sequence it§, that converges t6 uniformly
on compact subsets , .

For any holomorphie : B,, — B,, we can define a positive Borel mea-
sureyu, ., onB,, as follows. Given a Borel sdf in B,,, we set

pealB) = vale (B =co [ (L= ]aP)" du(e).
e 1(E)
Obviously, ., . is the pullback measure dfb,, under the magp. Therefore,
we have the following change of variables formula:

(2) f(%o) dva — f d:“’ga,on

]Bn ]Bn
where f is either nonnegative or belongs 3 (B,,, du., ). In particular,
the composition operatar,, is bounded o4? if and only if there exists a
constant”' > 0 such that

3) P dppn < C / P dve
B By

for all f € A?. Measures satisfying this condition are called Carleson
measures for the Bergman spatie

Similarly, a positive Borel measureonB,, is called a vanishing Carleson
measure for the Bergman spadg if

(4) lim [ |ful?dp =0
k—o0 B,

whenever{ f;} is a bounded sequence i§, that converges t6 uniformly
on compact subsets &f,. In particular, a composition operatof, is com-
pact onA? if and only if the pullback measure, ., is a vanishing Carleson
measure ford?.

It is well known that Carleson (and vanishing Carleson) measures for
the Bergman spacé? is indenpendent gs. More precisely, the following
result holds.

Lemma 1. Suppose > 0 anda > —1. Then the following conditions are
equivalent for any positive Borel measyrenB,,.

(i) pis a Carleson measure fot?, that is, there exists a constafit>
0 such that

fPdp<C | |fFdva

Br By

forall f € AP.
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(i) For some (or eachR > 0 there exists a constant > 0 (depending
on R and« but independent af) such that
n(D(a, R)) < Cva(D(a, R))

for all « € B,,, whereD(a, R) is the Bergman metric ball at with
radius R.

Proof. See [7] for example. O

A consequence of the above lemma is the following well-known result
about composition operators; see [2].

Corollary 2. Suppose > 0, ¢ > 0, anda > —1. ThenC,, is bounded on
Ar if and only ifC,, is bounded om?.

A similar characterization of vanishing Carleson measuresifpalso
holds.

Lemma 3. Suppose > 0 anda > —1. The following two conditions are
equivalent for a positive Borel measure Bp.

(i) pis avanishing Carleson measure fdf .
(i) For some (or anyR > 0 we have
D
i #(D(a, R))

la|>1~ vo(D(a, R)) =0

Proof. See [7] for example. O

As a result of the above lemma we see that the compactnéssaf A”
is indenpendent gf. We state this as the following corollary which can be
found in [2] as well.

Corollary 4. Suppose > 0, ¢ > 0, anda > —1. ThenC, is compact on
Ar if and only ifC, is compact orig.

We need two more technical lemmas. The first of which is called Schur’s
test and concerns the boundedness of integral operatdi® gpaces. Thus
we consider a measure spdce ) and an integral operator

(5) /ny du(y),

whereH is a nonnegative measurable function®nx X.

Lemma 5. Suppose that there exists a positive measurable fun&tamX
such that

Lﬂwmuwwwscuw
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for almost allx and

/XH(x,y)h(m) du(z) < Ch(y)

for almost ally, whereC' is a positive constant. Then the integral operator
T defined in (5) is bounded oh?(X,du). Moreover, the norm of’ on
L*(X,du) is less than or equal to the constafit

Proof. See [5] or [6]. O
Lemma 6. Supposer > —1 andt > 0. Then there exists a constafit> 0
such that
/ dve (w) < C
B, ’1 _ <z,w>\”+1+"+t - (1 _ ’Z‘Q)t
forall z € B,,.
Proof. See [4]. O

3. CHARACTERIZATIONS IN TERMS OFKERNEL FUNCTIONS

In order to understand the mild assumption made in the statement of the
main theorem, we show in this section how the boundedness and compact-
ness of composition operators on Bergman spaces can be described in terms
of Bergman type kernel functions.

Theorem 7. Suppose > 0, « > —1, andt > 0. Then the composition
operatorC,, is bounded om?, if and only if

(6) sup (1 — ’a‘2)t/E = (a dva(2) < 0.

acB,, , g0<Z>>‘n—{—1—4—a—&—1§

Proof. It follows from Lemma 6 that the boundednessof on A2 implies
condition (6).

Next we assume that condition (6) holds. Then by the change of variables
formula (2) there exists a constarit> 0 such that

dpipa(2)
1 o 2\t »,x < C
( |a\ ) /Bn ‘1 _ <a, z>’n+1+a+t =
for all « € B,,. For any fixed positive radiug we have
dpipa(2)
(0P o T e S

for all a € B,,. It is well known that
11— (a,2)] ~1—la]?
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for z € D(a, R), and it is also well known that
(1= [al*)""** ~ va(D(a, R));

see [7]. It follows that there exists another positive constatihdependent
of a) such that

fea(D(a, R)) < Cva(D(a, R))
forall a € B,,. By Lemma 1, the measuye, ,, is Carleson ford?, and so
the composition operatd?,, is bounded om?. O

This result is probably well known to experts in the field. The main point
here is that can be an arbitrary positive constant. This also tells us roughly
how far away the boundedness@f on A%, is from that ofC,, on A7,

Corollary 8. Suppose > 0,¢ > 0,and—1 < 3 < a. If C, is bounded on
Aj, thenC,, is bounded om?,.

Proof. Write « = 3 + e with € > 0. Since
1 — 2\e 1 — 2 €
LB o () ca
11— {a, ¢(2))] 1 — ()]
where the last inequality is an easy consequence of Schwarz lemma for the
unit ball, we have

/ (1 — Jw[*)* do(w) <O2/ (1 — [w*)? dv(w)

L 11— (a, p(w))[Hitett = L 1= (a, p(w)) [n+i+6+t
This shows that

dvg(z)
1— 2\t B
sup ( lal®) /}Bn 11— (a, o(z))[nH1+0+ < 00

a€B,
implies
dva(2)
sup (1 — |al? t/ 2 < 00.
S =) | T (e e
The desired result then follows from Theorem 7. O

A similar argument gives the following characterization of the compact-
ness ofC, on A?.

Theorem 9. Suppose > 0, a > —1, andt > 0. ThenC,, is compact on
Ar if and only if

7) lim (1 — |a|2)f/IB T dva(2) = 0.

jal—1- a, p(z))|rritett

Corollary 10. Suppose > 0, ¢ > 0, and—1 < 3 < «. Then the compact-
ness of”, on A% implies the compactness 6f, on A~
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Although we do not need Hardy spaces in this paper, we mention here
that if C, is bounded (or compact) on a Hardy spd¢¢ of the unit ball,
thenC,, is bounded (or compact) on very Bergman spage This result,
along with Corollaries 8 and 10 above, can be found in [1].

4. COMPACTNESS ONBERGMAN SPACES

We now prove the main result of the paper.

Theorem 11. Suppose > 0 anda > —1. If C, is bounded onA‘é for
someg > 0 and—1 < 3 < «, thenC,, is compact or4? if and only if

.12
(8) lim 1

S ol N
lzl-1- 1 — |(2)]?

Proof. According to Corollary 4, we may assume that 2.
The normalized reproducing kernels4f are given by

(1 - ‘Z|2)(n+1+a)/2
kz(w) = (1 — <w?z>>n+1+a .

Eachk. is a unit vector ind? and it is clear that

‘ 1|im k.(w) =0, w e B,.

z|—1—

Furthermore, the convergence is uniform whers restricted to any com-
pact subset dB,,. A standard computation shows that

1 — ’2’2 )n+1+a
C* k.| dv, = (— ,
ok T

so the compactness 6f, on A2 (which is the same as the compactness of
C} on A?2) implies condition (8).

We proceed to show that condition (8) implies the compactnes$ o
A2, provided thatC, is bounded o4}, for somef € (—1,a). An easy
computation shows that the operator

CSOC;‘; : Ai — AZ

By

admits the following integral representation:
f(w) dva (w)

9 C,Chf(z :/ ,

O GEIB= | T pluy

We will actually prove the compactness@fC'; on A%, which is equivalent
to the compactness af, on A2. In fact, our arguments will prove the

fe A
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compactness of the following integral operatorioiB,,, dv,, ):

f(w) dva(w)
B, |1 = (p(2), p(w))[ri+e
For anyr € (0,1) let x, denote the characteristic function of the set

{z € C" : r < |z] < 1}. Consider the following integral operator on
L2(B,,, dv,):

(10) Tf(z) =

(11) Tf(z) = | Hi(z,w)f(w) dva(w),

where '
X (2) X (W)
11— (p(2), p(w)) [ +1+e

is a nonnegative integral kernel. We are going to estimate the nofinaof
L?(B,, dv,) in terms of the quantity

H, (z,w) =

v ~ep
= sup ————.
r<|z|<1 1 — |e(2)[?

We do this with the help of Schur’s test.
Leta = [ + o, wheres > 0, and consider the function

hz)=(1—|22)°,  2€B,.

We have

Ca ()X (w) dvg(w)
B, H, (2, w)h(w) dve(w) = o Jo 1 _X gp(;)(, @w))ﬁ“wﬂ
C_O‘ Xr(z) dUﬁ(w)
cs Ju, |1 — (0(2), p(w))|n+i+b+e

By the boundedness af, on A%, there exists a constafy > 0, indepen-
dent ofr andz, such that

<

. H, (2, w)h(w) dva(w) < Crx,(2) . <S0(i?;ﬁfj>]fn+l+ﬁ+a'

We apply Lemma 6 to find another positive consté@nt independent of
andz, such that

C2XT(Z)
5 H,(z,w)h(w) dv,(w) < (1- ’90 z)‘Q )o

= CQXT | |2 ) (Z)
1-—
< CyMCh(2)
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for all z € B,,. By the symmetry ofd,.(z, w), we also have

H,(z,w)h(z) dv,(z) < CoM7h(w)

By

for all w € B,,. It follows from Lemma 5 that the operat@t. is bounded
on L*(B,, dv,) and the norm off; on L*(B,, dv,) does not exceed the
constantC; M 7.

Now fix somer € (0,1) and fix a bounded sequengg;,. } in A2 that
converges td) uniformly on every compact subset Bf,. In particular,
{fx} converges td uniformly on|z| < r. We use (9) to write

CoCo fe(2) = Fi(2) + Gi(2), z € B,,

- fr(w) dvg (w)
Fi(z) /w.g 0~ (o(2), plw)))ria

_ Xr (W) fi(w) dvg(w)
6 = || T et
Since{ fx(w)} converges t® uniformly on for|w| < r, we have

where

and

lim |FL(2)|? dva(2) = 0.
B,

k—oo

For any fixedz € B, the weak convergence §ff;} to 0 in L*(B,, dv,)
implies thatG(z) — 0 ask — oo. In fact, by splitting the ball intgz| < §
andd < |z] < 1, itis easy to show that

uniformly for z in any compact subset df, .
It follows from the definition off’. that

/|Gk|2dva§/ \Gk|2dva+/ T )2 dv.
B, |z|<r Br

Since{ i} is bounded inZ?(B,, dv,), and since the norm of the operator
T, on L?*(B,, dv,) does not exceed, M?, we can find a constaidt; > 0,
independent of andk, such that

[ 15D, < G
IB%'n
for all k. Combining this with

lim |G| dvg = 0,

k=00 Jiz1<r
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we obtain
limsup/ |G|? dv, < C’ng".

k—o0 n

This along with the estimates féf, in the previous paragraph gives

lim sup/ |C¢C:,fk|2dva < CyM* .,
k—o0 B,

Sincer is arbitrary andM, — 0 asr — 1~ (which is equivalent to the
condition in (8)), we conclude that

. * 2
khj& /Bn |CC3 frl” dva = 0.

SoC,, is compact o2, and the proof of the theorem is complete. O

Note that whem = 1, C, is bounded on every Bergman spaft% sothe
characterization of compact composition operatorgifmloes not need any
extra assumption. However, our proof here still works. The idea of using
Schur’s test to prove the compactness of composition operators seems to be
new even in the case= 1.

A similar compactness result was proven in [1] for composition operators
on A?. But the condition in [1] involves the derivatives gfand is much
stronger than our condition here.

Finally we mention that our results and proofs generalize to strongly
pseudo-convex domains. The key preliminary results we need are Lem-
mas 1, 3, 5, and 6, which are all known to be true for strongly pseudo-
convex domains. For the same reasons, our results and proofs also work for
products of balls irC". In particular, they remain valid for the polydisk.
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