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Do all 6 problems.

1. Suppose a machine flips a fair coin indefinitely and at each flip it records
whether it came up head of tail. We may start looking at the results at the
n? flip of the coin and we wonder how many heads in a row we will see.
Let 1,, = the number of consecutive heads we see starting from the n'* toss,
that is [,, = k if the tosses numbered n,n+1,...,n+ k — 1 are all heads and
the n + k toss is a tail.

(a) Find P(l, > n for infinitely many n’s)

(b) Find P(l,, =1 for infinitely many n’s)

2. Let X1, Xo, ..., Xy, .. be iid.
(a) Prove E|X;| < o0 = P(]X,| > n for infinitely many
n's) =0
(b) State the Strong Law of Large Numbers.
(c¢) Explain why the Strong Law of Large Numbers fails when F|X;| =
00

3. Show that if Y,, — Y in distribution and X,, — c¢ in probability where
¢ > 0 is a constant, then Y, /X,, — Y/c in distribution.

4. Let X1, Xo, ... be iid with E(X1) = 0 and F(]X;|?) = 4. Find the limit
in distribution of "oy
Vi =
Zz’zl Xl

5. Let Y7,Y5,...,Y,, ... be independent Poisson random variables with pa-
rameter .
(a) Find the characteristic function of Y,
(b) Find the characteristic functions of S, =Y; + Y2 + ...+ Y,
(¢) Find the characteristic function of (S, —n\)/v/nX and its limit (with
justification) as n — oc.
(d) What does the limit in part (c) tell you about the limiting distribu-
tion of (S, —n\)/vVnA?

6. Consider the interval [0, 1]. Let 3, the o algebra generated by the dyadic
intervals of length 2", that is [0, 1/27), [1/27, 2/27), [2/2", 3/2"), ..., [27~1 /27 1].
Let f be an integrable function on [0, 1].
(a) Give an expression for E(f|3,). (Try n = 1,n = 2 then derive the
general expression)
(b) Show that E(f|8,) is a martingale.

(c) Find limp—co E(f|Bn)
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