Math 326 Exam 2 Solutions Spring 97

Show all of your work.
1. What are the elements of Z;3?

2. What is ¢(45,000)?

Solution:

$(45,000) = ¢(2°3°5") = ¢(2°)$(3%)9(5")
— (8 —4)(9 — 3)(625 — 125) = 12, 000.

3. a) What are the possible orders of the elements of Zj;,?

Solution: The possible orders are the divisors of ¢(100) =
d(4)p(25) = 2-20. Thus, the possible orders are 1,2, 4,5, 8, 10, 20, 40.

b) What is the order of 31 in Zj5,?

Solution: Using Maple to calculate, if we wish, we obtain:
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Since 10 is the smallest of the possible orders that gives 1, the
order is 10.

c) What is the smallest positive integer congruent to 317825234
mod 1007

Solution:
317825234 — 31782523'10+4 _ (3110)782523314 = 1782523314 = 21 mOd 100

Here, we use the fact that 31 has order 10, along with the
. )
calculation above of 31 .
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4. What is the order of 571852 in 77,7

Solution: We first calculate the order of 5. The possible orders
are the divisors of ¢(13) = 12. We have
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5 =1,

=711862

so 5 has order 4 in Z]5. Thus, 5 has order

4 _
4,711862) 2.

25

5. For which primes p is z x mod p for all x € Z7

Solution: The primes in question satisfy 25 =1 mod p — 1, i.e.,
(p — 1) | 24. This is satisfied by p = 2,3,5,7,13.

6. Find the smallest nonnegative solution for the following congru-
ences.

x = 156 mod 180
z = 6 mod 75
z = 36 mod 48

Solution: We begin by solving the first pair of congruences, i.e.,
156 + 180k = 6 + 75l
150 = 750 — 180k
To solve this, we first solve Bezout’s identity for 75 and 180:
180 =2-75+ 30
75 =2-30+ 15.
Since 15 divides 30, it is the g.c.d., and we back substitute, getting

15=75-2-30=75—-2(180—-2-75)=5-75—2-180

150
15

150 =10-15 = (10-5)75 — (10 - 2)180,
so we may take k = 20 and [ = 50. Thus,
x=6+75-50 mod [180,75] = 900
= 156.

We now multiply through by = 10, getting
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We now solve the pair of congruences

z =156 mod 900
=36 mod 48.

Thus, we solve

156 + 900k = 36 + 48l
120 = 481 — 900k.

Solving Bezout for 48 and 900, we have

900 = 18 - 48 4 36
48 = 36 + 12.

Since 12 divides 36, we may begin back subsitution:
12 =48 — 36 = 48 — (900 — 18 - 48) = 19 - 48 — 900.
Multiplying through by <% 120 = 10, we have
120 =10-12 = (10 - 19)48 — 10 - 900,
so we may take £k = 10 and [ = 190. Thus,

x =156 +900- 10 mod [900, 48] = 3600
= 1956.

Thus, the smallest positive solution is 1956.

. Find all solutions of 72 =1 in

a) Zsia
Solution: Since 512 29 a power of 2, the solutions are
255,257 _1

1,28 —-1,284+1,—1, or 1, 55 257,
b) Zzs
Solution: Here, 75 = 3 - 52 is divisible by two primes, so we
use the Chinese Remainder Theorem. The solutions satisfy
=1 mod 3
z® = 1 mod 25.

Since both 3 and 25 are powers of odd primes, the solutions
satisfy

z =241 mod 3
x = +1 mod 25.
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Thus, there are four different cases:
Case 1: x =1 mod 3 and x = 1 mod 25. Here, x = 1 satis-
fies these congruences. By the uniqueness part of the Chinese
Remainder Theorem, x = 1 mod 75.

Case 2: r =1 mod 3 and x = —1 mod 25. We solve this
below by the Chinese Remainder Theorem.

Case 3: r = —1 mod 3 and z = 1 mod 25. We solve this
below by the Chinese Remainder Theorem.

Case 4: r = —1 mod 3 and z = —1 mod 25. Here, x =
—1 satisfies these congruences, so the uniqueness part of the
Chinese Remainder Theorem gives x = —1 mod 75.

Cases 2 and 3 amount to solving

r =a; mod 3

T = as mod 25,

for suitable ay, ay. By the first form of the Chinese Remainder
Theorem, this means x = a1 + asxs mod 75, where

r1 =1 mod 3 and z; = 0 mod 25, and
zo = 0 mod 3 and 22 = 1 mod 25.

We can solve for x; and x5 by Bezout’s identity:
25=8-3+1, so
1=25-3-8.

Thus, we can take z; = 25 and o = —3 - 8 = —24. In Case 2,
this gives

r=1-25+ (1) (—24) mod 75
= 49.
In Case 3, this gives

r=-1-254+1-(—24) mod 75
= 26.
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C) Z4oo

Solution: Here, 400 = 2%52. Again we use the Chinese Re-
mainder Theorem, but this time one of the factors is a power
of 2. The solutions satisfy

z? =1 mod 16
z? = 1 mod 25,
SO
r=1,7,9,—1 mod 16
xr = +£1 mod 25.

Since there are four solutions mod 16 and two solutions mod
25, the Chinese Remainder Theorem gives 8 solutions:

Case 1: x =1 mod 16 and x = 1 mod 25.
Case 2: x =1 mod 16 and x = —1 mod 25.
Case 3: x = 7 mod 16 and x = 1 mod 25.
Case 4: x = 7 mod 16 and x = —1 mod 25.
Case 5: x =9 mod 16 and x = 1 mod 25.

Case 6: £ =9 mod 16 and £ = —1 mod 25.
Case 7: x = —1 mod 16 and z = 1 mod 25.
Case 8: =1 mod 16 and z = —1 mod 25.

We apply the Chinese Remainder Theorem as in the last ex-
ample. The same kind of calculation gives 1 = —7 - 25 and
zo9 = 11 - 16. The solutions in cases 1-8 are

r =1,49,151,199, 201, 249, 351, —1 mod 400,

respectively.
8. Use the fact that 38372 = 1 mod 13837 to factor 13837.

Solution: We have 38372 — 1 = 0 mod 13837, so
13837 | (3837% — 1) = 3836 - 3838,

Maple gives (13837, 3836) = 137 and (13837, 3838) = 101. Finally,
137 - 101 = 13837, so the factorization is obtained.



