Review of Curve and Surface Integrals

for Calculus III (Math 214)

Definitions

Curve integrals
C: r(t), a<t<b

(a) scalar function f:
b
|ras = [ ren e
(b) vector function F':
b
/F-dr - / Flr(t)) - v'(t) dt
C a
Note: dr = r'(t)dt = Tds; ds = ||dr|| = ||'(¢)] dt

Surface integrals

S: W(u,v), (u,v) € E  (E a planar region)

[[ £ = [ [ 1OW @) [W.x W, | duds
E

S

(a) scalar function f:

(b) vector function F':

é/F.dW = é/F(W(u,v)% (W, x W) dudv

Note: dW = (W, x W,)dudv = Ndo; do = ||dW| = ||[W, x W, || dudv
where aW aW
Mo = W =

Special case 1: graph of a function of two variables

of of
Sz = f(xay)v (U,U) = (%?J), W(.’E,y) = (xvy7f(x7y))v dW = (—%7—@71)d$dy
Special case 2: a sphere parameterized with spherical coordinates
W(u,v) = a(cosu sinwv,sinu sinv,cosv) dW = —a?sinwv(cosu sinwv,sinu sinwv, cosv) du dv

For both curves and surfaces a parameterization determines an orientation. The orientation of a surface in
R? is determined by the two-fold choice of a unit normal to that surface, and the boundary of an oriented
surface is given the orientation that is related to the chosen unit normal in a right-handed coordinate system
by the “right-hand rule”.



The Fundamental Theorem of Calculus

Theorems of the form faG w = fG dw

dim G w dw left side right side Remarks
Fund. Thm. of Calculus
1 ! b) — !
! ! F(b) = fla) /If (t) dt I interval in R from a to b
hi " f A
1 f Vf f(B) _ f(A) / gradf . dr C pat in R rom to B
c
G ’s Thm.
2 ~dr (VAF)dA / F -dr // curl' dA ereegriloi in ]_;I{r;
o
f R (OR anti-clockwise in
right-hand coord. system)
Classical Stokes’ Thm.
2 dr | (VXF)-dW| / F-dr / / curlF - dW S surface in R
o
5 s (with r/1 hand rule)
The Divergence Thm.
3 AW | (V- F)dV / F.dW ///dideV D do B
oD D (0D with outer normal)




